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To Dennis Sullivan on the occassion of his 70th birthday 

Abstract. These notes explore some aspects of formal derived geometry related to 
classical field theory. One goal is to explain how many important classical field theories 
in physics - such as supersyrmnetric gauge theories and supersyrmnetric u-models - 
can be described very cleanly using derived geometry. In particular, I describe a math- 
ematically natural construction of Kapustin-Witten's of twisted supersymmetric 
gauge theories. 



Elliptic moduli problems. Moduli spaces of solutions to systems of elliptic equations 
(such as the Yang-Mills instanton equations, self-duality equations, holomorphic map 
equations, etc.) have played a central role in mathematics for many years. The first 
aim of this paper is to develop a general homological language for discussing formal 
derived moduli problems of solutions to elliptic differential equations. I call such an 
object an elliptic moduli problem. 

The equations of motion of a classical field theory are a system of elliptic differen- 
tial equations, and so the formal moduli space of their solutions (infinitesimally near 
a given solution) is an elliptic moduli problem. The fact that the moduli of solutions 
to the equations of motion of a classical field theory are the critical points of an ac- 
tion functional mean that this elliptic moduli problem is equipped with an additional 
geometric structure: a symplectic form of cohomological degree —1. Following a sug- 
gestion of Lurie, 1 will call a space with a degree — 1 symplectic form 0-symplectic. ^ 

This elliptic moduli problem, with its symplectic form, is a complete encoding of 
the classical field theory. In this paper, we will define a classical field theory to be a 
0-symplectic elliptic moduli problem. 



Partially supported by NSF grants DMS 0706945 and DMS 1007168, and by a Sloan fellowship. 
^The reason for this terminology is that there is a close relationship between spaces with a symplectic 
form of cohomological degree k and the E/t^^-operad. 
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I will only consider formal derived spaces. Even giving a good definition of sym- 
plectic form on a global derived stack is a highly non-trivial matter: the general theory 
of such objects is worked out in [Vezll] and [PTVVll]. 

In ordinary geometry, the simplest construction of a symplectic manifold is as a 
cotangent bundle. There is a similar construction in our context: given any elliptic 
moduli problem (corresponding to a system of elliptic differential equations) there is 
a corresponding classical field theory, which we call the cotangent field theory. Many 
field theories of interest in mathematics and physics arise as cotangent theories. 

Quantization. After setting up this language for discussing classical field theories, 
I will briefly discuss what it means to quantize a classical field theory, following 
[Cosllb] and [CGll]. I will show that a quantization of a cotangent theory to an 
elliptic moduli problem on a compact manifold X leads to a volume form^ on the 
finite-dimensional formal derived space M.{X) of global solutions. This leads to a 
program for defining (and computing) the non-perturbative partition function for a 
cotangent theory: a quantization of the theory yields a volume form on the space of 
solutions, and the partition function is the volume. 

This program has been carried out successfully in [Coslla] for the cotangent theory 
associated to the moduli space of degree zero maps form an elliptic curve to a compact 
complex manifold X. In this case, the partition function is the Witten genus of X. 

More details on this program, and on further examples, will appear in subsequent 
publications. 

Supersymmetry. Much of the rest of the paper is devoted to studying examples of 
classical field theories using this language. The hope is to convince mathematicians 
that the framework of derived geometry provides a very natural way to understand 
supersymmetric field theories (or at least, their holomorphic and topological twists). 

A more concrete goal is to give a mathematically natural construction of the of 
twisted o/f = 4 supersymmetric gauge theories constructed by Kapustin and Witten 
[KW06] in their study of the geometric Langlands program; and to explain how this 

of field theories is related to the A- and B-models with target the Hitchin system. 

To this end, I first define the A- and B-models of mirror symmetry, as well as their 
half-twisted versions. It turns out that the half-twisted A- and B-models are partic- 
ularly easy to describe in the language used in this paper: they are both cotangent 
theories to natural elliptic moduli problems. 

defined up to an overall constant 
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Then, after briefly discussing the basics of supersymmetry in 4-dimensions, I de- 
scribe the self-dual limits of the = 1, 2 and 4 supersymmetric gauge theories on 
R^, using the twistor-space formalism developed in detail in [BMS07] (building on 
earlier work of Witten [Wit04]). Again, these theories are cotangent theories to natural 
elliptic moduli problems. 

Next, the concept of twisting of a supersymmetric gauge theory is introduced. We 
will see that the twisting procedure has many features that will be familiar to homolog- 
ical algebraists: for example, there's a spectral sequence starting from the observables 
of the physical (imtwisted) theory and converging to the observables of the twisted 
theory. 

Once we have defined what it means to twist a supersymmetric field theory, we 
will analyze the twists of the ^ = 1, 2 and 4 supersymmetric gauge theories. We will 
find, again, that the twisted theories are cotangent theories to simple elliptic moduli 
problems. The twisted ^ = 1 theory on a complex surface X is the cotangent theory 
associated to the moduli problem of holomorphic G-bundles on X; the twisted ^ = 2 
theory is the cotangent theory to the moduli space of such bundles equipped with a 
section of the adjoint bundle of Lie algebras; and the twisted =yf = 4 theory is the 
cotangent theory to the moduli of Higgs bimdles on X. 

The = 1 theory can be twisted only once; but the = 1 and 4 theories admit 
further twists. In the final section of the paper we will show that the ^ = 4 theory 
admits a further of twists, which (at special points in P^) dimensionally reduce to 
the A- and B-models with target the Hitchin system. 

I should say what I mean by dimensional reduction. As we have seen, a classical 
field theory on X is a sheaf M of derived spaces on X. Dimensional reduction simply 
means pushing forward this sheaf along a map X — )■ Y. The precise relationship 
between the twisted ./K = 4 gauge theory and the A- and B-models is that if we take 
our gauge theory on a product Ei x E2 of two Riemann surfaces, and dimensionally 
reduce in this sense along the map Ei x E2 — >^ Ei, we find a field theory on Ei which 
is equivalent to the A-model with target T* BunG(E2) (if we use the A-twisted ^ = 4 
gauge theory), or the B-model with target Locg(E2) (if we use the B-twisted =yK = 4 
gauge theory). 

Geometrically, the P^ of twisted ^ = 4 gauge theories is given by a family of 
elliptic moduli problem with a symplectic form of degree —1. At a special point (the 
B-model point) on P\ this is the cotangent theory associated to the elliptic moduli 
problem of G-local systems on a complex surface S. At generic points of P^, the elliptic 
moduli problem can be interpreted as the de Rham stack of the moduli stack of G-local 
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systems on X, equipped with a certain symplectic form. At the A-model point, the 
elliptic moduli problem becomes the de Rham stack of the derived moduli space of 
Higgs bundles on X. 

One advantage of the point of view advocated here is that one does not need to 
know anything about supersymmetry to understand this of twisted ^ = 4 theo- 
ries. The only reason I discuss supersymmetry in this paper is to justify the assertion 
that the field theories I describe using derived geometry are the same as those dis- 
cussed in the physics literature. 

Quantizing twisted supersymmetric gauge theories. So far, we have discussed su- 
persymmetric gauge theories only at the classical level. I will say almost nothing 
about quantization: except to prove that the minimally-twisted ^ = 1, 2, 4 theories 
we consider admit a unique quantization on C^, compatible with all natural symme- 
tries. Further analysis of these quantum field theories will appear elsewhere [Cosl2]. 

Warning. The main objects of study in this paper are certain formal derived stacks, 
equipped with extra geometrical structures (e.g. a symplectic form). I will give all 
details for how to construct and work with these objects at the formal level. Even 
though I don't supply all the details required for my constructions at the non-formal 
level, I will often (informally) talk about global derived stacks. 

Terminology. My use of the term "twist" (as in, twisted supersymmetric field the- 
ory) differs a little from the way some physicists use this term. In this paper, given a 
supersymmetric field theory, the twisted theory is obtained by considering only quan- 
tities invariant under a particular supercharge. (A supercharge is physics-speak for 
an odd element of the Z/2 graded Lie algebra of supersymmetries, which acts on a 
supersymmetric field theory). 

For some authors, to twist a supersymmetric field theory is a two-step process. 
Given a supersymmetric field theory on R^, one first changes the action of the Poincare 
group on the theory by choosing a map from the Poincare group into the R-symmetry 
group. (The K-symmetry group is a Lie group acting on a supersymmetric field the- 
ory in a way lifting the trivial action on space-time). Then, one finds a supercharge Q 
invariant under this new action of the Poincare group, and twists (in my sense) with 
respect to Q. 

Acknowledgements. First and foremost, I'd like to thank Dennis Sullivan for the 
many inspiring conversations we've had over the years. When I met Dennis at a work- 
shop in 2004, 1 was a first year postdoc and he was, of course, famous; nevertheless. 
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we hit it off and spent much of the workshop talking. His enthusiasm almost made 
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Since then, I've been lucky to be able to spend a lot of time with Dennis, at his 
seminars in New York and at other conferences. Our discussions about how one can 
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Most mathematicians work in pretty much the same field throughout their career. 
Dennis is completely different: he will tackle any problem in any field that grips him, 
and work on it until he solves it. Though my background is in algebraic geometry, 
I've always wanted to understand quantum field theory and string theory. Dennis's 
example encouraged me to think that it wouldn't be completely crazy to work on the 
foundations of QFT. 
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theory in general, and cotangent field theories in particular; to Lionel Mason, for ex- 
plaining to me the twistor-space approach to supersymmetry; to Anton Kapustin and 
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Rozenblyum, for patiently answering my questions about Grothendieck duality in 
derived algebraic geometry; to Davesh Maulik and Gabriele Vezzosi, for helpful con- 
versations about derived symplectic geometry; and to Josh Shadlen, for helpful dis- 
cussions concerning the BD operads and for his comments on the text. 
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1. Elliptic moduli problems 

Let us thus start by trying to give a general definition of an eUiptic moduli space. 
We will use a little loosely the basic ideas of derived geometry, as developed in [Lur09, 
Toe06]. 

1.1. The following statement is at the heart of the philosophy of deformation theory: 

There is an equivalence of (oo, 1) categories between the category of 
differential graded Lie algebras, and the category of formal pointed de- 
rived moduli problems. 

In a different guise, this statement goes back to Quillen's [Qui69] and Sullivan's [Sul77] 
work on rational homotopy theory. These ideas were developed extensively in the 
work of Kontsevich and Soibelman [Kon03, KS]. More general theorems of this nature 
are considered in [LurlO], which is also an excellent survey of these ideas. 
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The basic idea of this correspondence is as follows. Formal moduli problems are 
defined using the functor of points. Thus, a formal moduli problem is a functor F 
which takes a nilpotent Artinian differential graded algebra R, and assigns to it the 
simplicial set F{R) of jR-points of the moduli problem. If g is a differential graded Lie 
algebra, then the formal moduli problem Fg associated to g is defined as follows. If R 
is a nilpotent Artinian dga, with maximal ideal m C R, then we set 

fg(R) =MC(0®m) 

where MC(0 m) is the simplicial set of Maurer-Cartan elements of the dg Lie algebra 

(2) m. 

We are interested in elliptic derived moduli problems: that is, derived moduli prob- 
lems described by a system of elliptic partial differential equations on a manifold M. 
As a first step towards a formal definition of an elliptic derived moduli problem, we 
will give a definition of formal pointed elliptic moduli problem. Using the principle 
quoted above as a guide, we will define an formal pointed elliptic moduli problem on 
a manifold M to be a sheaf of Loo algebras on M of a certain kind. 

1.1.1 Definition. Let Mbea manifold. An elliptic Loo algebra on M consists of the following 
data. 

(1) A graded vector bundle L on M, whose space of sections will be denoted jSf . 

(2) A differential operator d : ^ — )■ , of cohomological degree 1 and square 0, which 
makes ^ into an elliptic complex. 

(3) A collection of poly-differential operators 

In : ^ ^ 

which are alternating, of cohomological degree 1 — n, and which endow with the 
structure of Loo algebra. 

Throughout this paper, formal pointed elliptic moduli problems will be described 
by elliptic Leo algebras. 

If ^ is an elliptic Loo algebra on a manifold M, then it yields a presheaf on M of 
functors from dg Artin rings to simplicial sets. If (R, m) is a dg Artin ring with max- 
imal ideal R, and if LZ C M is an open subset, then we can consider the simpUcial 
set 



MC(^(!J) ^m) 
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of Maurer-Cartan elements of the Leo algebra Jif{U) ® m (where ^{U) refers to the 
sections of L on U). We will think of this as the i^-points of the formal pointed moduli 
problem associated to 

Remark: When discussing global (i.e. non-formal) derived spaces, I will often be quite 
informal; a thorough treatment of such objects as the derived moduli stack of local 
systems on a manifold is out of reach of this paper. I will, however, try to be more 
precise when talking about formal derived spaces, by giving an explicit description of 
the corresponding Lie or Loo algebra. 

2. Examples of elliptic moduli problems 

2.1. Flat bundles. The most basic example of an elliptic moduli problem is that as- 
sociated to flat bundles on a manifold M. Let G be a Lie group, and let P ^ M be 
a principal G-bundle equipped with a flat connection. Let qp be the adjoint bundle 
(associated to P by the adjoint action of G on its Lie algebra g). Thus, qp is a bundle of 
Lie algebras on M, with a flat connection. 

The elliptic Loo algebra controlling deformations of the flat G-bimdle P is simply 

^ = Q*(M,gp). 

The differential on ^ is the de Rham differential on M coupled to the flat connection 
on gp. 

To see this, observe that any deformation of P just as a G-bundle is trivial. We can, 
however, deform the flat connection on P. Let (K, m) be a nilpotent Artin ring with 
maximal ideal m. Then, a family of flat connections on P, parametrized by Spec R, is 
the same as an element 

a e O^(M,0p) (X) m 
satisfying the Maurer-Cartan equation 

da -|- 2 K a] = 0. 

Further, two such Maurer-Cartan elements give the same flat G-bimdle if and only if 
they are gauge equivalent. Gauge equivalences are represented by 1-simplices in the 
Maurer-Cartan simplicial set. Thus, we see that ttq MC (n^(M, qp) ^5 m) is the set of 
isomorphism classes families of flat G-bundles over Spec R, which restrict to the given 
G-bundle at the base-point of Spec R. 

One can ask what role the forms O' for i > 2 play in this story. Of course, if we just 
probe our moduli problem with ordinary (not dg) Artin rings, we do not detect the 
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higher forms. However, if R is a differential graded Artin ring, then a Maurer-Cartan 
element of O* (M, gp) (X) R may have components involving all of the CI'. 

2.2. Self-dual bundles. Let M be an oriented 4-manifold. Let G be a Lie group, and 
let P — >^ M be a principal G-bundle, and let qp be the adjoint bundle of Lie algebras. 
Suppose we have a connection A on P with self-dual curvature: 

F(A)_ = 0eQ2(M,flp) 

(here O?. (M) denotes the space of anti-self-dual two-forms). 

Then, the elliptic Lie algebra controlling deformations of (P, A) is described by the 
diagram 

Q°(M,0p) A n\M,ep) ^ q2_(m,0p). 

Here d_ is the composition of the de Rham differential (coupled to the connection on 
flp) with the projection onto 0?_ (M, gp). 

2.3. Holomorphic bundles. In a similar way, if M is a complex manifold and if P ^ 
M is a holomorphic principal G-bundle, then the elliptic dg Lie algebra n'^'*(M, gp), 
with differential d, describes the formal moduli space of holomorphic G-bundles on 
M. 

3. Symmetries of elliptic moduli problems 

Suppose that R is a differential graded algebra. Let R!^ refer to R without the differ- 
ential. 

3.0.1 Definition. An R-family of elliptic Loo algebras on X consists of graded bundle L ofR^- 
modules on X, whose sheaf of sections will be denoted jSf; together with an R^-linear differential 
operator 

d: jSf ^jSf 

which makes jSf into a sheaf of dg R-modules. We require that the complex (^, d) is an elliptic 
complex ofdg R-modules. Of course, this means that the symbol complex (which is a bundle of 
dg R-modules on T*X) is exact away from the zero section. 

Further, is equipped with a collection ofR-linear polydijferential operators 

In : JSf ^" ^ JSf 

making J5f into a sheaf of Loo algebras on X over R. 

Remark: Note that in this definition, R can be a nuclear Frechet dg algebra. In that case, 
the tensor products should be the completed projective tensor product. 
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Our main reason for introducing the concept of an R-family of elliptic Loo algebras is 
to talk about symmetries. Recall that in homotopy theory, to give an action of a group 
G on an object is the same as to give a family of objects over the classifying space BG. 
There is a similar picture in homotopical algebra: to given an action of an Loo algebra 
g on some object is the same as to give a family of such objects over C*{q). We will 
take this as our definition of action of an Loo algebra g on an Loo space. 

3.0. 2 Definition. If g is an Loo algebra, and ££ is an elliptic Loo algebra on a space X, a g- 
action on is a family of elliptic moduli problems jSf^ on X, over the base ring C*(g), which 
specialize to modulo the maximal ideal C^''(g) o/C*(g). 

Remark: The Chevalley-Eilenberg cochain complex C* (g) is the completed pro-nilpotent 
dg algebra, w^hich is an inverse limit 

C*(g)=^C*(g)/r 

where I is the maximal ideal C^^{g). 

3.1. There is one more generalization we would like to consider. The symmetries we 
considered above always preserve the base point of a formal pointed elliptic moduli 
problem. Indeed, we defined a symmetry as a family of formal pointed elliptic moduli 
problems. In order to consider symmetries which do not preserve the base point, we 
need to modify our definition so that our family is no longer equipped with a base 
point. 

Let R be a differential graded ring with a nilpotent differential ideal I C R. Recall 
that a formal pointed derived space over R can be described by an is an Loo algebra 
g, in the category of flat R-modules. We can modify this definition to access formal 
derived spaces which are not equipped with a base point, as follows. 

Let R" denote the graded algebra R, with zero differential. 

3.1.1 Definition. A curved Loo algebra over R consists of a locally free finitely generated 
graded R^-modules g, together with a derivation 

d:S^*(g[l]^)^S^*(g[l]V) 

of cohomological degree 1 and square zero. In this expression, all tensors and duals are over the 
graded algebra RK 

The derivation d must make the completed symmetric algebra Sym (g[l]^) into a differen- 
tial graded algebra over the differential graded algebra R. 
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Further, when we reduce modulo the nilpotent ideal I C R, the derivation d must preserve 
the ideal in Sym generated by g. 

If g is a curved Loo algebra over R, then we let C*(g) be the differential graded 
algebra Sym (g[l]^) over R. Note that C*(g) is a pro-nilpotent commutative dga over 
jR, and can thus be thought of as a formal derived scheme over R. However, the ideal 
C^°(g) is not necessarily preserved by the differential, because of the presence of the 
curving. This indicates that this formal derived scheme is not pointed. 

Once we have this definition, it is straightforward to modify our definition of R- 
family of elliptic Loo algebras. 

3.1.2 Definition. Let R he as above. An R-family of curved elliptic Loo algebras on M is 
a graded bundle L of on M, whose sheaf of sections is equipped with the structure of 
curved Loo algebra over R, where the curving vanishes modulo the maximal ideal 1, and where 
the structure maps are polydifferential operators. 

4. Mapping problems as elliptic moduli problems 

Many field theories of interest in mathematics and physics have, for their space of 
fields, the space of maps between two manifolds. In this section I will outline how one 
can put field theories of this nature into the framework of elliptic moduli problems. 

4.0.3 Definition. An elliptic ringed space is a manifold M, equipped with a sheaf of 
differential graded algebras over the sheaf Cl*j^, with the following properties. 



(1) is concentrated infinitely many degrees. 

(2) Each s^^ is a locally free sheaf of modules for of finite rank. 

(3) The differential don makes si into an elliptic complex. 

(4) We are given a map of dg VL*^-algebras C^. 



We will let J d si he the ideal which is the kernel of the map si — > C^. 

Note that, because each is a locally-free sheaf of modules over = C^, si 
must be the sheaf of sections of a finite-rank graded vector bundle on M. 

We can discuss elliptic ringed spaces over R or C; an elliptic ringed space over C is 
defined as above, except that we work over the sheaf of dg algebras ®^ C. 

Here are some examples of elliptic ringed spaces. 
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(1) Let M be any manifold. Then letting = gives an elliptic ringed space 
which we refer to as M^r. 

(2) Let M be a complex manifold. Then there is an elliptic ringed space Mg over 
C, with J2/ = 0°'* (M), where the differential is the operator 8. 

(3) Let M be any complex manifold, and let R be any finite rank holomorphic 
bundle of graded Artinian algebras on M. Then, Q°'*(M, R) defines an elliptic 
ringed space. 

(4) As a special case of the last example, let M be a complex manifold and let E 
be a holomorphic vector bundle on M. We can define an elliptic ringed space 
which we right as Eg [1] (or as just £ [1] ) with underlying manifold M, and sheaf 
of algebras 

^ = 0°'*(M,Sym*(E^[-l]), 

where Sym* (E^ [—1] ) indicates the free sheaf of graded-conunutative algebras 
generated by E"^ in degree 1. The differential on this dga is just 8. 

(5) Let M be a 4-manifold with a conformal structure. Then, the complex 

= |qO(m) a n^M) ^ ni(M)| 

gives M the structure of an elliptic ringed space. 

4.1. We will show how to construct elliptic moduli problems from elliptic ringed 
spaces. 

To start with, we will explain how to construct the formal moduli spaces of maps 
from an elliptic ringed space to a formal derived space. 

Recall that, for any Loo algebra g, there is a formal moduli problem Bq which assigns 
to an Artinian dg ring {R,m) the simplicial set MC(0 (8> m) of solutions to the Maurer- 
Cartan equation in g m. 

If A is a commutative dga, we can think of Loo algebra A (8) g as describing the 
formal moduli problems of maps Spec A — )■ Bq, completed near the constant maps 
with values the base point of Bq. 

Given any finite-dimensional Loo algebra q, and any elliptic ringed space (M,^), 
we can define an elliptic moduli problem (M, (8) fl). We will think of this as describ- 
ing the space of maps from (M, ^) to Bq. 

Since the formal neighbourhood of any point in a derived stack is described by 
an Leo algebra, this construction shows that, for any derived stack Y and any ellip- 
tic ringed space {M,£/), the space of maps {M,£/) to Y formally completed near a 
constant map to a point y G Y is described by an elliptic Loo algebra on M. 
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5. Global mapping problems and Loo spaces 

In this section we will briefly sketch a language which allows us to describe the el- 
liptic moduli problem describing a quite wide class of mapping problems, for instance, 
that between complex manifolds. We have seen how to describe mapping problems 
from an elliptic ringed space to a formal derived scheme; the challenge is to globalize 
this description. It is not essential to understand this section in order to follow the rest 
of the paper. 

A formal derived scheme is described by an Leo algebra. Our global construction of 
a mapping problem will take as target an "Loo space". 

5.0. 1 Definition. An Leo space is a manifold X with a sheaf of curved Loo algebra q over the 
de Rham complex Cl^, where the curving vanishes modulo the ideal Cl^. 

More details on the theory of Loo spaces are presented in [Coslla]. 

A more standard approach to derived geometry is to work with spaces equipped 
with a sheaf of diJBferential graded commutative algebras. The theory of Loo spaces is 
Koszul dual to this more standard approach. If (X,^) is an Loo space, let C*{q) be the 
O^-linear Chevalley-Eilenberg cochain complex of fl. This forms a sheaf of dg rings 
on X. 

For example, if X is a complex manifold, then it is shown in [Coslla] that there is an 
Loo space (X,0x)/ with underlying manifold X, such that C*{qx) is quasi-isomorphic 
to the sheaf of holomorphic functions on X. More precisely, let ^ (^x) be the sheaf of 
smooth sections of the bundle of jets of holomorphic functions on X. This is a bundle 
with a flat connection, so that we can define the de Rham complex n^(^((^x))- The 
sheaf of Loo algebras gx is constructed so that there is an isomorphism of sheaves of 
n^-algebras 

C*{Qx)=n\{/{ffx)). 

If (X, q) is an Loo space, we can reduce the curved Loo algebra g modulo Q^'' to get 
a sheaf q^^^ of (non-curved) Loo algebras over the sheaf of smooth functions on X. 
In particular, q^'^^ is a cochain complex over smooth vector bundles on X. In the case 
that flx encodes the complex structure on X, g^*^ is the complex tangent bundle T^'". 

5.1. Global mapping problems. Now let (M, jz/) be an elliptic ringed space, and 
(X, g) be an Loo space. We are interested in defining a notion of map from {M,s^) 
to (X, q). Such a map will, in particular, be a map of smooth manifolds (p : M ^ X. 
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If ^ : M — >^ X is a smooth map, we will let 

Thus, is a curved Loo algebra over , whose curving vanishes modulo the ideal 

5.1.1 Definition. A map (M,^) — ^ (X,g) consists of the following data. 

(1) A smooth map (p : M ^ X. 

(2) A solution a to the Maurer-Cartan equation in (p*g, which vanishes modulo the ideal 

As an example, the following lemma is proved in [Coslla]. 

5.1.2 Lemma. Let M and X be complex manifolds, and let ^ = O^* be the Dolbeaut res- 
olution of the structure sheaf of M, and let qx denote the curved Loo algebra over which 
encodes the complex structure ofX. 

Then a map from (M, O^*) to (X, qx) is the same as a holomorphic map from M to X. 

This formalism allows us to write down easily the elliptic Loo algebra on a complex 
manifold M controlling deformations of a fixed holomorphic map <p : M ^ X. 

The lemma implies that the curving of ^*0x vanishes precisely when (p is holomor- 
phic. Thus, when cp is holomorphic, (p*Qx is a cochain complex of sheaves of H^*- 
modules. There is an isomorphism of dg 0^*-modules 

(l)*gx = C)P'*{M,(p*TX[-l]). 

Further, if ^(^x) denotes bundle of jets of holomorphic functions on X, we have an 
isomorphism of sheaves of differential graded O^* -modules 

Lie algebra cochains of ^*0x are taken linearly over O^*. 

A Maurer-Cartan element of ^*0x (with coefficients in an Artinian dg ring {R,m) is 
then the same as a map of O^* -algebras 

Q°'*(M,(/>7(^x))^0^*®m. 

This is the same as a deformation of the holomorphic map (p. 
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Note that since the Loo algebra is O^* -linear, locally on M the Loo structure is en- 
coded by a holomorphically-varying family of Loo structures on the holomorphic bun- 
dle (p*TX[-l]. Globally, we can view the L^o structure on n°'*(M,^*TX[-l]) as en- 
coding a homotopical version a holomorphic Loo structure on the holomorphic bxmdle 
(1>*TX[-1]. 

Note that, for any holomorphic vector bundle E on X, ®cf E has the structure 
of a curved Loo module over qx- This curved Loo structure is characterized up to con- 
tractible choice by the property that C*(gx/E) coincides with the Q*(X,/(E)), the de 
Rham complex of X with coefficients in the C~ bundle underlying the bundle of jets 
of holomorphic sections of E. 

It follows that Cl'^'*{M,(p*E) is equipped with the structure of Loo module over the 
Loo algebra cp*gx = n°'*(M, TX[-1]). 

The semi-direct product Loo algebra 

nP'*{M,(p*TX[-l]®(p*E[-l]) 

controls deformations of pairs {(p, s) where ^ : M — ^ X is a holomorphic map, and s is 
a section of (j)*E (where we are deforming near s = 0). 

6. Principal bundles on elliptic ringed spaces 

We are also interested in elliptic moduli problems describing principal bundles on 
elliptic ringed spaces. For example, a principal bundle G-bundle on M^j? will be a 
flat G-bundle on M; and if G is a complex Lie group and M a complex manifold, a 
principal G-bimdle on Mg will be a holomorphic G-bimdle on M. The reader who 
is happy to accept that there is a reasonable notion of principal bundle on an elliptic 
ringed space should skip this section. 

The definition for a general group is a little involved, so we will start with the defi- 
nition for GL(n). 

6.0.3 Definition. Let (M, ^) be an elliptic ringed space over 'RorC. A rank n vector bundle 

on M is a sheaf S' ofdg modules over the dg ring , which, as a sheaf of graded modules over 
the sheaf of graded =e/* given by si without the differential, is locally free of rank n. 

Note if is a rank n vector bundle on (M, then (f is a locally free sheaf of 
rank n over C^, and so define a rank n vector bundle on M. 

Let us list some examples. 
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(1) A vector bundle on M^r is a vector bundle on M with a flat connection, 

(2) If M is a complex manifold, a vector bundle on Mg is a holomorphic vector 
bundle on M. 

(3) If M is again a complex manifold, a vector bundle on T[l]Mg is a Higgs bundle 
on M. Indeed, the sheaf of algebras on M describing T[l]Mj is O^* equipped 
with the differential d. If (f is a vector bundle on r[l]Mg, then S' is isomorphic 
to Q*'*(M, V) for some rank n holomorphic vector bundle on M; but with a 
differential of the form d + cp, where (p G n^''^(M, End(y)). The condition that 
the differential squares to zero means that d(p = and [(p, (p] = 0. 

6.1. Let us now discuss the definition of a general principal G-bundle on an elliptic 
ringed space (M, £/). Because of lack of space, 1 will be a little terse. 

To motivate our definition, let us recall the definition of a connection and of a flat 
connection on a principal G-bundle on a manifold. 

In what follows, if tt : P —> M is a principal G-bundle, and is a sheaf on M of 
modules over C^, we use the notation n*S' to denote the sheaf of -modules 

6.1.1 Definition. Let Gbea real Lie group. LetP ^ Mbea principal G-bundle on a manifold 
M. Then a connection on P is a G-equivariant and Cp -linear map 

which splits the natural map 

By composing with the de Rham diJBferential on P, such a connection induces a 
derivation d^ on the bundle of graded algebras 7r*0^, by the formula 

drj{f ®co) =f] (d/) A a; + fdw 

for a local section oj of 7r~^C!^ and / of Cp . 

6.1.2 Definition. A connection t] is flat ifd^ = 0. 

We will adapt this definition to define the notion of principal bundle on an elliptic 
ringed space {M,£/). Thus, suppose tt : P M is a principal G-bundle, and (M,^) 
is an elliptic ringed space over R. 



NOTES ON SUPERSYMMETRIC AND HOLOMORPHIC FIELD THEORIES IN DIMENSIONS 2 AND 4 17 



Since is a sheaf of algebras over Q^, each graded component j^' is a sheaf of 
modules for C^. Thus, we can define a sheaf of Cp -modules 

Note that the natural map Cll^ — )■ induces a map tc*Ci]^ n*^^. 

6.1.3 Definition. If G is a real Lie group, and P ^ Misa principal G-bundle on M, then an 
-connection on P is a G-equivariant Cf -linear map 

whose restriction to the suhsheaf tc*Ci\^ is the natural map TC*Ci]^ n* s^^. 

Note that such an =e/-connection on P induces a differential operator d^ : Cp 
Ti*£/^, obtained by composing the de Rham differential on P with rj. This operator 
extends uniquely to a derivation d^ of the sheaf of graded algebras tt*^ by the Leibniz 
rule 

d^ (/ fl) = // (d/)fl + fd^a 
for all local sections / of and a of tt^^^/'. Here d^ indicates the differential on 

6.1.4 Definition. An ^-connection on P is flat if the derivation d^ ofTC*s^ is of square zero. 

Note that in this situation, n*S!^, with the differential dr^, is a sheaf of differential 
graded algebras over the sheaf of dgas tc~^s/. 

If the bundle P is trivialized, so that P = M x G, then there is a natural flat s^/- 
connection on P given by composing the projection map Op — >■ TC*Ci]^ with the natural 
map O]^ . In this case, we can identify n*s^ as 

7r*^/ = K eg". 

and the operator d^ is defined by 

d^(flK/) = {d^f)^g. 

6.1.5 Definition. Let (M,^/) he an elliptic ringed space over R, and let G he a reed Lie 
group. Then a principal G-bundle on (M, jz/) is a principal G-bundle on M equipped with a 
flat ^-connection. 

Recall that MdR denotes the elliptic ringed space (M, O^). It is clear from the defi- 
nition that a principal G-bundle on M^r is the same thing as a G-bundle on M with a 
flat connection. 
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6.2. The definition is slightly different in the cases when G is complex. Let (M, .e/) 
be an elliptic ringed space over C, and let tt : P — > M be a principal bundle for a 
complex Lie group G. We will let 0'p denote the sheaf of smooth functions on P which 
are holomorphic on each fibre, and we will let Oj, ^ denote the sheaf of 1-forms on 
P which are holomorphic (1,0) forms when restricted to each fibre. We will let Q^^ 
denote the ^p-linear exterior power of the sheaf O^^. Finally, we will let Q* ^ denote 
the de Rham complex built from the sheaves ^. 

If is a sheaf on M of modules, we will let tc*^ denote the sheaf of ffp modules 
Thus, in particular, we have sheaves 7t*s^^ of ffp modules. 

6.2.1 Definition. If G is a complex Lie group, (M, s/) is an elliptic ringed space over C, and 
P ^ Mis a principal G-bundle, then an ^/-connection on P is a G-equivariant ^p-linear 
map 

f] : n*.s^^ 
whose restriction to TC*Ci]^ is the natural map Tc*n,\^ — > zr*^-^. 

Such a connection rj is flat if the derivation d^ on n*s^ constructed as before has square 
zero. 

f>.l.l Definition. If G is a complex Lie group, a principal G-bundle on a complex elliptic 
ringed space (M, jz/) is a principal G-bundle on M equipped with aflat s^/ -connection. 

6.2.3 Lemma. If Mis a complex manifold, then a principal G-bundle on the elliptic ringed 
space Mg = (M,n^*) is the same as a holomorphic principal G-bundle on M. 

Proof. P ^ Mis a bundle where the fibre and the base are both complex manifolds. 
Suppose that we have a complex structure on the total space P which is G-equivariant 
and compatible with the complex structures on the fibre and the base. 

Let Op j^gi be the sheaf of holomorphic 1-forms on P, and, as before, let ^ be the 
sheaf of 1-forms which are holomorphic 1, forms on each fibre. 

Recall that we use the notation i^p to denote the sheaf of functions on P which are 
holomorphic on all fibres. If / G is a local section, then the complex structure on P 
allows us to define 8/ e Cfp^. Since / is holomorphic on fibres, 8/ will actually land 
in the sheaf 7r*Q^^ C Qp'\ 

Thus, a complex structure on P induces a differential operator 

ffp ^ 71*0°/}. 
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The sheaf of 1-forms on P which are holomorphic (1, 0) -forms on each fibre is the 
sheaf of Kahler differentials of ffp. The universal property of Kahler differentials thus 
gives us an i^p-linear map 

P,d M 

—2 

and so an ^ -connection as desired. Of course, since 8 = on P, this ^-connection is 
flat. 

The converse is straightforward. □ 

6.3. Let {M,£/) be an elliptic ringed space over the field F, which is either R or C. 
Given a principal G-bundle {P,f]) — ?■ {M,s^), and a representation V of G. one can 
define an associated sheaf Vp,^ of ^-modules on M as follows. We give n*^ the 
differential d^. Then, n*^ (^^V isa G-equivariant sheaf of tt"^^ modules on V. We 
can then define a sheaf Vp,^ on U by defining 

Vp,^{U) = {71*^{U) Vf. 

In this way, for example, we construct a sheaf (gp) of dg Lie algebras on M, over the 
dg algebras £/, associated to the adjoint representation of G. Note that, if Vp denotes 
the sheaf of modules of sections of the adjoint vector bundle on M associated to P, 
then Vp^j^ is isomorphic to (8)c~ Vp equipped with a differential coming from t]. 

6.3.1 Lemma. In this situation, to give a deformation of the flat .e/ -connection t] on the fixed- 
principal G-bundle P is the same as to give a Maurer-Cartan element 

a e i^{9p))\ 

Proof. 1 will give the proof for the real case; the complex case is similar. Suppose 
that t]' is another j2/-connection on the principal bundle P — )■ M. Then, tj' — rj is a 
G-equivariant Cp linear map 

which is zero on n*Cl\^. Thus, if refers to the sheaf relative 1-forms for the map 
n : P ^ M, rj' — t] is a G-equivariant map 

This is the same as a C^-linear map 

where Qp is the sheaf of sections of the co-adjoint vector bundle on M associated to P. 
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Thus, we have seen that A-connections form a torsor for ® %v- It is straightfor- 
ward to calculate that the condition for an i2/-connection to be flat is the same Maurer- 
Cartan equation in the dg Lie algebra (0p). (Recall that (gp) = gp with a 

differential coming from r\). □ 

From this observation, we see that to every principal G-bundle (P, r]) on (M, we 
can construct an elliptic Loo algebra ^/(gp), and that this elliptic Loo algebra controls 
the deformations of (P, //)• We have already seen special cases of this construction. 
When = O^, we have seen that the elliptic Loo algebra CI* (M, gp controls deforma- 
tions of a flat principal G bundle P, and that in the complex case, 0*^'* (M, gp) controls 
deformations of a holomorphic principal G bimdle P. 

Of course, the statement that the elliptic Loo algebra ^ (gp) controls deformations 
of the principal G-bundle (P,^) requires proof. Since the proof is identical to the 
proof of the more familiar statements concerning flat G-bimdles or holomorphic G- 
bundles, I will omit it. Alternatively, since in this paper we are mostly interested 
in formal moduli problems, the reader can simply take the Maurer-Cartan moduli 
problem associated to ^(gp) as a definition of the formal moduli space of G-bundles 
on (M,^/). 

6.4. Finally, I will briefly consider one further example. Let M be a complex manifold, 
and let E be a vector bundle on M. Let us consider the complex elliptic ringed space 
T[l]Mg with sheaf of algebras ^ = Q*'*(M), with differential d. The following lemma 
is easy to verify from the above discussion. 

6.4.1 Lemma. A principal G-bundle on T[l]Mg is the same as a Higgs bundle on M, that is, 
a holomorphic principal G-bundle P on M together with an element 

satisfying 

d(p = 
=0. 

7. Classical field theories in the Batalin-Vilkovisky formalism 

Before I get to giving a definition of a perturbative classical field theory in the lan- 
guage of elliptic Loo algebras, I will explain a little about the general Batalin-Vilkovisky 
formalism for classical field theories. 
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Let US start by discussing the classical Batalin-Vilkovisky formalism in a finite- 
dimensional toy model (which we can think of as a 0-dimensional classical field the- 
ory). Our model for the space of fields is a finite-dimensional smooth manifold man- 
ifold M. The "action functional" is given by a smooth function S e C~(M). Classical 
field theory is concerned with solutions to the equations of motion. In our setting, 
the equations of motion are given by the subspace Crit(S) C M. Our toy model will 
not change if M is a smooth algebraic variety or a complex manifold, or indeed a 
smooth formal scheme. Thus we will write (^(M) to indicate whatever class of func- 
tions (smooth, polynomial, holomorphic, power series) we are considering on M. 

If S is not a nice function, then this critical set can be highly singular. The classical 
Batalin-Vilkovisky formalism tells us to take, instead the derived critical locus of S. (Of 
course, this is exactly what a derived algebraic geometer [Lur09, Toe06, CFKOl] would 
tell us to do as well). 

The critical locus of S is the intersection of the graph 

r(dS) c TM 

with the zero-section of the cotangent bundle of M. Algebraically, this means that we 
can write the algebra ^(Crit(S)) of functions on Crit(S) as a tensor product 

^(Crit(S)) = ^(r(dS)) (g)^(^.M) ^(M). 

Derived algebra geometry tells us that the derived critical locus is obtained by replac- 
ing this tensor product with a derived tensor product. Thus, the derived critical locus 
of S (which we denote Crit''(S) is an object such that 

^(Crit''(S)) = ^(r(dS)) ^(M). 

In derived algebraic geometry, as in ordinary geometry, spaces are determined by their 
algebras of functions. In derived geometry, however, one allows differential-graded 
algebras as algebras of functions (normally one restricts attention to differential-graded 
algebras concentrated in non-positive cohomological degrees). 

We will take this derived tensor product as a definition of ^(Crit''(S)). 

7.1. It is convenient to consider an explicit model for the derived tensor product. By 
taking a standard Koszul resolution of ff{M) as a module over ff(T*M), one sees that 
^(Crit''(S)) can be realized as the complex 

&{Crit^{S)) ~ ... ^r(M,A2TM) ^r(M,TM) ^ ^(M). 

In other words, we can identify ^(Crit''(S)) with functions on the graded manifold 
T* [— 1]M, equipped with the differential given by contracting with dS. 
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Note that 

^(r[-l]M) = Y{M,A*TM) 

has a Poisson bracket of cohomological degree 1, called the Schouten-Nijenhuis bracket. 
This Poisson bracket is characterized by the fact that if f,g € ff{M) and X, Y e 
r(M, TM), then 

{x,y} = [x,y] {x,/} = x/ {f,g} = o 

(the Poisson bracket between other elements of 0'{T* [— 1]M) is inferred from the Leib- 
niz rule). 

The differential on ^{T*[-1]M) corresponding to that on ^(Crit''(S)) is given by 

d(p = {S,(p} 

forcpG ff{T*[-l]M). 

7.2. The derived critical locus of any function is a dg manifold equipped with a sym- 
plectic form of cohomological degree —1. We call such an object a 0-symplectic dg 
manifold. In the Batalin-Vilkovisky formalism, the space of fields always has such a 
symplectic structure. However, one does not require that the space of fields arises as 
the derived critical locus of a function. 

8. Classical field theories 

We would like to consider classical field theories in the BV formalism. For us, such 
a classical field theory is specified by a 0-symplectic elliptic moduli problem (that is, 
equipped with a symplectic form of cohomological degree —1). 

We defined the notion of formal elliptic moduli problem on a manifold M using the 
language of Loo algebras. Thus, in order to give the definition of a classical field theory, 
we need to understand the following question: what extra structure on an Loo algebra 
g endows the corresponding formal moduli problem with a symplectic form? 

The answer to this question was given by Kontsevich [Kon93]. Given a pointed 
formal moduli problem M., the associated Loo algebra qm has the property that 

5M = TpM[-l]. 

Further, we can identify geometric objects on in terms of qm as follows. 
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The algebra i?{M.) of functions on M. 
-modules 
the module 
TM 



Following this logic, we see that the complex of two-forms on M. can be identified 



However, on a symplectic formal manifold, one can always choose Darboux coor- 
dinates. Changes of coordinates on Ai correspond to Loo isomorphisms on qj^. In 
Darboux coordinates, the symplectic form has constant coefficients, and thus can be 
viewed as a g^n-invariant element of f\^{Qj^ 

Note that the usual Koszul rules of signs imply that 



To give a -invariant element of Sysr^^Qj^) is the same as to give an invariant sym.- 
metric bilinear form on qm- 

Thus, we arrive at the following principle: 

To give a formal pointed derived moduli problem with a symplectic 
form of cohomological degree k is the same as to give an Loo algebra 
with a symmetric, invariant, and non-degenerate pairing of cohomo- 
logical degree k — 1. 

We will define a classical field theory to be an elliptic Loo algebra equipped with a 
non-degenerate invariant pairing of cohomological degree —3. Let us first define what 
it means to have an invariant pairing on an elliptic Loo algebra. 

8.0.1 Definition. Let Mbea manifold, and let E be an elliptic Loo algebra on M. An invariant 
pairing on E of cohomological degree k is a symmetric vector bundle map 



satisfying some additional conditions. 

(1) Non-degeneracy: we require that this pairing induces a vector bundle isomorphism 



withC*(flA,,A2(fl)^[-l])). 



A'(0Xl[-l])=Sym2(0Xl)[-2]- 



)e : E(8)EDens(M)[fc] 



E E^(2>Dens(M)[-3]. 
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(2) Invariance: let S'c denotes the space of compactly supported sections of E. The pairing 
on E induces an inner product on Sc, defined by 



We require that this is an invariant pairing on the Loo algebra Sc- 

Recall that a symmetric pairing on an Loo algebra g is called invariant if, for all n, 
the linear map 

oi\®-- • ®a„+i ^ (/„(ai,. . .,a„),a„+i) 
is graded anti-symmetric in the a,. 

8.0.2 Definition. A formal pointed elliptic moduli problem on with a symplectic form ofcoho- 
mological degree kon a manifold M is an elliptic Loo algebra on M with an invariant pairing 
of cohomological degree k — 2. 

8.0. 3 Definition. A (perturbative) classical field theory on M in the BV formalism is a formal 
pointed elliptic moduli problem on M with a symplectic form of cohomological degree —1. 

8.1. Suppose that .if is an elliptic Loo algebra w^ith an invariant pairing of cohomologi- 
cal degree — 2 on a manifold M, in the sense described above. Then, if M is compact, 
the pairing sets up a quasi-isomorphism between ^{M) and the continuous linear 
dual ^{Niy , with a shift. Since the differential on ^ is elliptic, ^(M) has finite di- 
mensional cohomology. Thus, J^{M) describes a finite-dimensional formal moduli 
problem (in the ordinary sense), together with a symplectic form of degree k. 

One needs to be a little careful in interpreting the invariant pairing on ^ on non- 
compact open subsets U of M. If U is such a subset, then the invariant pairing on =5f 
does not give a quasi-isomorphism between ^{U) and its continuous linear dual. 

Rather, if ^c{U) denotes the compactly supported sections of =Sf, the invariant pair- 
ing gives a quasi-isomorphism 



(-,-) : 4(2)4 IR 




One should interpret this as follows. jSf (LT) describes a (possibly infinite-dimensional) 
formal pointed moduli problem, whose tangent complex at the base point is .if (LT). 
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Note that ^c{U) C J/f{U) is an Loo ideal: any higher bracket at least one of whose 
inputs is compactly supported will yield a compactly supported section of =5f(U). 

In the dictionary between formal geometry and Leo algebras. Loo ideals correspond 
to foliations. Thus, we see that ^c{U) gives a foliation on the formal moduli problem 
corresponding to J^{U). Two points of the formal moduli problem BJ^{U) associated 
io ^{U) are on the same leaf if they coincide outside of a compact set. 

Let us denote the sub-bundle of the tangent bundle of B^{U) corresponding to this 
foliation as TcB^{U) C TB^{U). 

The pairing between ^{U) and ^c{U) gives rise to an isomorphism between Tc B=Sf ( ) 
and the dual to TB^{U). In other words, BJ!f{U) is equipped with a kind of "leaf- 
wise" symplectic structure, pairing a tangent vectors along a leaf with an arbitrary 
tangent vector. 

This leafwise symplectic structure can also be thought of as a Poisson structure on 
B^{U) satisfyinga weak version of non-degeneracy: namely, that the map T*B^{U) 
TB^{U) arising from the Poisson tensor gives an isomorphism T*B^{U) TcB^iU). 

8.2. The basic way symplectic manifolds arise in geometry is, of course, as cotangent 
bundles. Thus, given any elliptic moduli problem, we can construct a classical field 
theory as a shifted cotangent bundle. Let us explain this construction in detail. 

Let L be an elliptic Loo algebra on a manifold X; and let Mihe the associated elliptic 
moduli problem. 

Let L' be the bundle L^ Dens(X). Note that there is a natural pairing between 
compactly supported sections of L and compactly supported sections of L\ 

Recall that we use the notation ^ to denote the space of sections of L; we will let 
.if' denote the space of sections of L\ 

8.2.1 Definition. Let us define T*\l<i\M.h to be the elliptic moduli problem associated to the 

elliptic Loo algebra L © L'[A: — 2]. 

This elliptic Loo algebra has a pairing of cohomological degree k — 2. 

The Loo structure on the space if © =5f ' [/c — 2] of sections of the direct sum bundle 
L © L' [A; — 2] arises from the natural =5f -module structure on if'. 

8.2.2 Definition. Let M. be an elliptic moduli problem. Then, the cotangent field theory 
associated to M. is the 0-symplectic elliptic moduli problem T*[—l]Ai. Explicitly, if M. is 
described by the elliptic Loo algebra .if, then T* [—1]M. is described by ^ [—3]. 
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8.3. Next I will give the definition of an Loo action on a classical field theory. Recall 
that, if is an Loo algebra and is an elliptic Loo algebra on a space X, then a g-action 
on is a family of elliptic Loo algebras over C* (g), which specializes to Jff modulo the 
maximal ideal C^°(0). The same definition applies to classical field theories. 

Let R be a differential graded algebra, and let ^ be an i^-family of elliptic Loo al- 
gebras. Recall that this means that we have a graded bundle L of R^-modules on X, 
whose sheaf of sections is equipped with a differential making it into a sheaf of dg 
R-modules, and with an R-linear Loo structure. We will let 

L- = 1"^ (g) Densx 

where L^ is the Rt^-linear dual of L. We will let ' denote the sheaf of sections of V. 
This has a natural structure of sheaf of dg modules over R, with an Loo action of 

8.3.1 Definition. An invariant pairing of degree k on an R-family of elliptic Loo algebras S£ 
is an R-linear isomorphism 

of sheaves of J/f -modules, which is symmetric as before. 

8.3.2 Definition. Let g is an Loo algebra, and let be a classical field theory on a space X. 
Thus JSf is an elliptic Loo algebra on X with an invariant pairing ^ = ' [—3] of degree —3. 
Then a g-action on is a family of elliptic moduli problems on X,flat over the. base ring 
C*(g), equipped with an invariant pairing of degree —3, which specializes to modulo the 
maximal ideal C^°(g) o/C*(g). 

If ^ is an elliptic Loo algebra on X with an action of g, then the cotangent field 
theory T*[—l]^ also has a natural action of g, compatible with the invariant pairing. 

9. Examples of cotangent field theories 

Many classical field theories of interest in mathematics and physics arise as cotan- 
gent theories. In this section we will list some examples. 

In order to make the discussion more transparent, I will normally not explicitly 
describe the elliptic Loo algebra related to an elliptic moduli problem; instead, I will 
simply define the elliptic moduli problem in terms of the geometric objects it classifies. 
In all examples, it is straightforward using the techniques we have discussed so far to 
write down the elliptic Loo algebra describing the formal neighbourhood of a point in 
any of the elliptic moduli problems we will consider. 
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9.1. Self-dual Yang-Mills theory. Let X be an oriented 4-manifold equipped with a 
conformal class of a metric. Let G be a compact Lie group. Let M{X, G) denote the 
elliptic moduli problem parametrizing principal G-bundles on X with a connection 
whose curvature is self-dual. 

Then, we can consider the cotangent theory T* [—1]A4{X, G). This theory is known 
in the physics literature as self-dual Yang-Mills theory. 

Let us describe the Loo algebra of this theory explicitly. Observe that the elliptic Loo 
algebra describing the completion of M. (X, G) near a point (P, V) is 

ci\x,Qp) A Ci\x,Qp) ^ n2_(x,5p) 

where qp is the adjoint bundle of Lie algebras associated to the principal G-bundle P. 
Thus, the elliptic Loo algebra describing T* [—1\M. is given by the diagram 

nO(x,flp) — n\x,9p) — n2_(x,sp) 
© © 

Oi(X,0p) 03(X,gp) Oi(X,0p) 

This is a standard presentation of the fields of self-dual Yang-Mills theory in the BV 
formalism. 

Ordinary Yang-Mills theory arises as a deformation of the self-dual theory. The de- 
formation is given by simply deforming the differential in the dg Lie algebra presented 
in the diagram above by the identity map from the copy of situated in degree 1 to 
the copy in degree 2. 

9.2. Holomorphic Chem-Simons theory. Let £ be an elliptic curve and let X be a 
complex manifold. Let M.{E,X) denote the elliptic moduli problem parametrizing 
holomorphic maps from E — ^ X. As before, there is an associated cotangent field 
theory r[-l]A^(E,X). 

This field theory was called a holomorphic Chern-Simons theory in [CoslO]. The 
reason for this terminology is that one constructs this theory using the AKSZ [AKSZ97] 

formalism in exactly the same way as one constructs the usual 6-dimensional holomor- 
phic Chern-Simons theory. Indeed, if X is a Calabi-Yau manifold of dimension d, and 
y is a derived stack with a symplectic form of dimension d — 1, then the space of maps 
from X to y has a symplectic form of degree —1. 

The usual holomorphic Chern-Simons theory arises from the space of maps from a 
Calabi-Yau 3-fold X to the classifying stack BG of a semi-simple algebraic group. The 
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invariant pairing on the Lie algebra g of G can be thought of as a symplectic form of 
degree 2 on BG, so that the mapping space X ^ BG has a symplectic form of degree 
-1. 

The case we are considering here is that of maps from an elliptic curve E to the 
cotangent bundle of a smooth variety X. Since T*X has a symplectic form of degree 
0, and E is a one-dimensional Calabi-Yau, the space of maps from E to T*X has a 
symplectic form of degree —1. 

In the physics literature [Wit05, Kap05] this theory is called a twisted (0,2) super- 
symmetric sigma model. 

This theory has an interesting role in both mathematics and physics. For instance, 
the factorization algebra associated to this theory (using the techniques of [CGll]) is 
believed [Wit05, Kap05] to be an incarnation of the chiral differential operators of X. 
Also, it was shown in [Coslla] that the partition function of this theory (at least, the 
part which discards the contributions of non-constant maps to X) is the Witten genus 
of X. 



10. The A- and B-models of mirror symmetry 

In this section we will first describe the ^ -twisted A- and B-models, and then de- 
scribe how the fully twisted A- and B-models arise as deformations of the ^-twisted 
models. 



10.1. Both the ^-twisted models we will be discussing are cotangent theories built 
from holomorphic maps between graded complex manifolds. Recall that the space of 
maps between any elliptic ringed space and any Loo space defines an elliptic moduli 
problem. The source elliptic ringed space will be one of the following: 

Z3 = (Z,0°'*) 

r[i]Z9 = (z,oO'*(z,^s©Ks[-i])) 
r[i]Z9 = (z,o°'*(z,^s©T£[-i])) 

EdR = (E,n£®C). 

Let X be a complex manifold, and let qx be the curved Loo algebra over encoding 
the complex structure of X. Recall that gx has the property that the sheaf of O^-linear 
cochains C*{qx) are quasi-isomorphic to Dolbeaut complex O^*. 
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The target Loo space be one of the following: 

Xa = (X,gx) 
r[l]Xa = (X,gxe0x[l]) 

r[i]X3 = (x,0x©0^[2]). 

Recall that points in the elliptic moduli problem of maps Eg are just holomor- 

phic maps from E to X. The only reason for rewriting holomorphic maps in terms of 
the Loo space (X, qx) is that this language allows us to give a concrete description of 
the formal neighbourhood of every holomorphic map in the derived moduli space of 
maps. 

10.2. Let us first discuss the j-twisted B-model. Let E be a Riemann surface, and let 
X be a complex manifold. 

10.2.1 Definition. The ^-twisted B-model is the cotangent theory to the elliptic moduli prob- 
lem on E describing maps 

</):E3^r[l]X3 

to the shifted cotangent bundle ofX (which we view as a graded complex manifold). 

Let us fix a holomorphic map cp : ^ X. We will describe the elliptic Loo algebra 
on E describing the classical field theory near ^. If ^ : E — >■ X is a holomorphic map, 
the pull back 

is an ordinary (non-curved) Loo algebra, which controls deformations of the holomor- 
phic map (p. Also, as a sheaf of 0^'*-modules, 

(/)*0x = nO'*(E,,^*TX[-l]). 

This identification equips nO'*(E,^*TX[-l]) withann°'*-linear Loo structure. In what 
follows, we will identify (p*gx in this way. 

Deformations of as a map to T* [1]X are described by the elliptic Loo algebra 

nP'*(j:,(i)*TX[-i] ® (p*T*x). 

The Loo structure here is a semi-direct product Loo algebra, arising from the natural Loo 
action of Q0'*(E,(^*TX[-1]) on Q0'*(E,(^*T*X). 

The cotangent theory to this elliptic Loo algebra is then 

O0'*(E,<^*TX[-l] (p*T*X © ^ (p*T*X[-l] © Xz ^ (p*TX[-2]). 
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As before, the Loo structure is a semi-direct product structure arising from the action 
of DP'* (E, ^*rX[— 1]) on the other summands. 

Note that we can also view this field theory as the cotangent field theory to the 
elliptic moduli problem described by 

Cf'*{'L,(p*TX[-l] (B Kz® (p*TX[-2]). 

The latter elliptic moduli problem can be interpreted as the space of maps r[l]Zg — ^ 

Following this reasoning, the full elliptic moduli problem (i.e. including the cotan- 
gent directions) for the ^ -twisted theory can also be interpreted as describing the space 
of holomorphic maps from T[1]E to T*[1]X. The degree —1 symplectic form on this 
mapping spaces arises via the AKSZ formalism by transgressing the degree 1 sym- 
plectic form on T* [l]Xg using the degree —1 volume form on r[l]Zg. 

10.3. Next let us discuss the half-twisted A-model, with target X. The factorization 
algebra associated to this field theory is conjectured [Kap05] to be the chiral de Rham 
complex of X [GMSOO]. 

10.3.1 Definition. The \-twisted A-model is to he the cotangent theory for the elliptic moduli 
problem of maps 

If we perturb around a given holomorphic map ^ : E ^ X, as above, then the 
elliptic Loo algebra describing this mapping problem is 

Cf'*{i:,<p*T[-\\X®(p*TX) 

where (p*TX is an Loo module over ^*T[— 1]X. 

The corresponding cotangent theory is described by the elliptic Loo algebra 

Q°'*(E, (p*T[-l]X © (p*TX ® ® (p*T*X[-2] © ® (p*T*X[-3]). 

10.4. Let us now consider the fully twisted A- and B-models. We will start with the 
fully-twisted B-model. 

When we discuss supersymmetric gauge theories, we will see that the a twist of 
a supersymmetric field theory is given by a C ^ equivariant family of field theories 
over C; which at the origin specializes to the original theory, and elsewhere to the 
twisted theory. I will only discuss supersymmetry in detail in 4 dimensions; in 2 
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dimensions, I will only describe the twisted theories, without giving a derivation in 
terms of supersymmetry. 

10.4.1 Definition. The (fully twisted) B-model with source a Riemann surface E, and target 
a complex manifold X, is the cotangent theory to the elliptic moduli problem of maps 

Note that the un-derived version of the space of maps from L^jr to is the space 
of constant maps. We can describe the derived moduli space of such maps as the 
Loo space (X, gx <^ ^* (2^))- Note that this is quasi-isomorphic to the Loo space (X, gx ® 
H* (E, C ) ) , because there is a quasi-isomorphism of commutative dg algebras O* (E) ~ 
H*(E). 

The corresponding cotangent theory is described by the Loo space 

(X,(0xeg^[2])®Q*(E)). 

This cotangent theory (i.e. the fully-twisted B-model) can be interpreted as the space 
of maps 

EdK^r[l]Xa. 

In order to justify the relationship between this theory and the ^ -twisted B-model, 
we need to exhibit this theory as the general fibre of a C^-equivariant family of theo- 
ries over C. 

For i e C, let us define an elliptic ringed space Reesf (E^r) by 

Reest(EdR) = (E,n*'*,a + fa). 

As f varies, this defines the Rees family of algebras associated to the Hodge filtration 
on Q|. At f = 0, ReeSf(EdR) is T[l\L-^, and for t 7^ 0, Reest(EdR) is E^r. 

By considering the cotangent theory associated to the elliptic moduli problem of 
maps 

Reest(EdR) Xj 

we find a C^-equivariant family of theories over C. At i = 0, this family of elliptic 
moduli problems specializes to the cotangent theory associated to maps T[l]Eg — X 
and we have seen above that this cotangent theory is the 1/2 twisted B-model. 

Remark: When I claim that "this is the B-model" all I mean is that this is the classical 
field theory which a physicist would call the B-model. Later we will see how, if one 
quantizes this theory, one finds a projective volume form on the derived space of maps 
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from T^dR to Xg. Integrals against this volume form should produce the correlators of 
the B-model topological field theory. 

10.5. Next, let us describe the fully-twisted A-model. From the point of view of per- 
turbative quantum field theory, the fully-twisted A-model is not very interesting: we 
will see that the elliptic Loo algebra describing this theory on a surface Z has vanishing 
cohomology. 

We have seen that the | -twisted A-model is the cotangent theory for holomorphic 
maps from E to T[1]X. Note that the sheaf on X of holomorphic functions on r[l]X is 
the holomorphic de Rham algebra of X, with zero differential. Of course, this is quasi- 
isomorphic to the sheaf OJ^ of C~ de Rham complex, equipped with the differential 
d. 

To define the fully-twisted A-model, we will deform this sheaf of rings into the de 
Rham complex of X. Thus, we define 

Reest(XdR) 

to be the Loo space 

(X,gx^0x[-1]). 

Note that the Q^-linear cochain complex of the Loo algebra gx[l] -^^^ qx is quasi- 
isomorphic to with differential d + td. The deformation parameter t is best taken 
to be a formal parameter. 

10.5.1 Definition. The fully twisted A-model is the family of theories overC[[i\\ obtained as 
the cotangent theory to the elliptic moduli problem of maps 

Eg -5>Reesf(XdR). 

If we perturb near a given holomorphic map <^ : E — > X, then the elliptic Loo algebra 
on E (linear over C[[f]]) describing this mapping problem is 

O0'*(E,(^*TX ^ (p*TX[-l])®C[[t\]. 

That is, the sheaf (p*TX ® ^*TX[— 1] is equipped with a differential, which is t times 
the identity map from (p*TX in degree to (p*TX in degree 1. Note that if we invert 
f, this sheaf of elliptic Loo algebras has no cohomology. Thus, perturbative quantum 
field theory has nothing interesting to say about the fully-twisted A-model. 

When we discuss quantization later, we will see that the quantization of a cotangent 
theory to an elliptic moduli problem leads to a volume form on that elliptic moduli 
problem. The A-model is essentially the cotangent theory to the de Rham stack of the 
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moduli space of holomorphic maps from E to X. A volume form on any space Z is a 
section of the Grothendieck-Serre dualizing sheaf. The dualizing sheaf of Z^r should 
be the topological Verdier dualizing sheaf of the topological space Z, and a section of 
this is a homology class on X. 

Thus, we would hope that the volume form arising from quantizing the A-model 
should be the virtual fundamental class of the moduli space of holomorphic maps 
from Z to X. 

One might hope that a complete construction of the ^ -twisted A-model will give us 
an interesting refinement of the theory of Gromov-Witten invariants. 

10.6. Of course, there are many variants of the ^-twisted A- and B-models. Given any 
surface E with a line bundle L, one can consider the cotangent theory of the elliptic 
moduli problem of holomorphic maps from the graded complex manifold L[l] to X. 
When L = K^, this is the ^-twisted B-model, and when L is trivial, this is the ^-twisted 
A-model. 

11. Quantization 

In this section I'll say a little bit about the geometric meaning of a quantization of a 
classical field theory. Quantization is interpreted in the sense of [Cosllb] and [CGll]. 
The main result sketched in this section is the following. 

11.0.1 Proposition. Let M. denote a formal elliptic moduli problem on a manifold X, and let 
T*[—1\M. he the associated cotangent field theory. Then, a quantization of the cotangent field 
theory yields a volume form (defined up to multiplication by a scalar) on the formal derived 
space M{X). 

This result is a version of a theorem proved by Koszul [Kos85]. A closely related 
result is proved in [BD04]. 

In order to separate the analytic technicalities from more conceptual issues, I will 
start by proving this result in a finite-dimensional context, that is, when the space-time 
manifold X is a point. Then I will indicate how the statements need to be modified 
for the general case. This modification is not difficult, and uses techniques developed 
extensively in [Cosllb]. 

Thus, let be a finite dimensional differential graded Loo algebra, equipped with 
an invariant pairing of degree —3. Such a g describes a formal pointed derived space 
with a symplectic form of degree —1. Let C*{q) denote the pro-nilpotent differential 
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graded algebra of cochains on g. The invariant pairing on q endows C*(g) with a 
Poisson bracket of cohomological degree 1. 

11.0. 2 Definition. A Pq algebra is a commutative dijferential graded algebra equipped with a 
Poisson bracket of cohomological degree 1. 

The Pq operad is the operad in the category of cochain complexes whose algebras are Pq 
algebras. 

11.1. Our approach to quantization parallels the deformation-quantization interpre- 
tation of quantum mechanics. In ordinary deformation quantization, one starts with 
commutative algebra A with a Poisson bracket of degree 0. This encodes the classical 
mechanical system we start with. The problem of quantization is then interpreted as 
the problem of deforming A into a flat family of associative algebras A over C[[?i[]], 
which reduces to A modulo h, and has the property that, to first order in h, the failure 
of A to be commutative is measured by the Poisson bracket on A. 

11.2. Before introducing the notion of quantization of a dga with a Poisson bracket of 
degree 1, 1 will show how the usual deformation-quantization story can be expressed 
using the language of operads. 

11.2.1 Definition. Let P^ be the operad whose algebras are commutative dg algebras with a 
Poisson bracket of cohomological degree 1 — k. 

Thus, a Pi-algebra is a Poisson algebra in the usual sense. 

Remark: This terminology was suggested by Jacob Lurie: the point is that the P^ operad 
is closely related to the operad of little fc-discs. Note that Ei is equivalent to the 
associative operad. 

Next, we will construct an operad BDi over C[[h]] with the property that, modulo 
h, BDi is isomorphic to the Poisson operad; and that when we invert h, BDi is isomor- 
phic to the associative operad tensored with C ((/?)). This operad was constructed by 
Ed Segal [SeglO]. 

11.2.2 Definition. Let V be a cochain complex flat over C[\^]]. ABDi structure on V consists 
of an associative product -k, on V, and a Lie bracket [—, — ] on V, both C[\h]] linear and of 
degree 0; such that the following additional relations hold. 

[ai.b,c\=ai.[h,c\ + {-l)\^\\'\[a,c\i<b. 
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Let BDi be the operad over C[[h]] whose algebras are BDi algebras. 

Note that, modulo h, BDi is the ordinary Poisson operad Pi. Indeed, the relations 
in BDi are precisely those ensuring that the product ★ is commutative, and that the 
bracket [— , — ] is a Poisson bracket. When h is inverted, BDi is the associative operad. 
One can check that BDi is flat over C[[ft]]. 

11.2.3 Lemma. Suppose that A is a differential graded Pi algebra. Then, deformation quanti- 
zations of A are the same as lifts of A to a BD\ algebra A. 

Proof Indeed, let A be a deformation quantization of A. If ★ denotes the product on 
A, then the bracket « ★ b — {—l)\'^\\^\b -k a lands in the image of h. Thus, we can define 
a Lie bracket on A by 

[a,b] =rt*b- (-l)l«ll^lb*fl. 

It is clear that, with the product ★ and bracket [—,—], A defines a BDi algebra which 
reduces modulo h to the Poisson algebra A. The converse is clear. □ 

One way to think about this construction is as follows. We can think of an operad P 
as the universal multi-category containing a P-algebra. Thus, the operad Pi is, in this 
sense, the universal Poisson algebra. The operad BDi plays the role of the universal 
deformation quantization. 

11.3. We will follow this operadic approach when formulating the notion of quantiza- 
tion of a Pq algebra. 

11.3.1 Definition. Let Pq denote the operad whose algebras are Po-algebras as above. The 
BD operad is the differential graded operad over €[[/?]] which, as a graded operad, is simply 
Pq ® C[[ft]]; but where the differential is given by 

d* = ^{-,-}. 

Note that BD is a flat family of operads over C[[?if]], which reduces mod h \.o Pq. 
Further, when we invert h, the operad BD becomes contractible: the cohomology of 
BD(n)[li!^] vanishes when n > 0, and the cohomology when n = is one dimen- 
sional, corresponding to the unit element of a Pq algebra. 

11.3.2 Definition. A quantization of a Pq algebra A is a BD algebra A, flat over C [[ft]], which 
reduces mod h to the Pq algebra A. 
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11.4. The main result of this section will relate quantizations of certain Pq algebras to 
"projective volume forms" on formal moduli problems. Thus, I need to explain what 
I mean by a projective volume form on a formal moduli problem. 

11.4.1 Definition. Let X be a complex manifold. A projective volume form on X is aflat 
connection on the canonical bundle Kx- Equivalently, it is a trivialization of the ff^/C^- 
torsor associated to Kx- 

Note that what we call a projective volume form is not the same as a volume form on 
X up to scalar multiplication. Locally, the two notions coincide. Globally, however, the 
flat connection on Kx may have non-trivial monodromy: this provides an obstruction 
to lifting a projective volume form to a volume form. 

11.4.2 Lemma. A projective volume form on X is the same as a right Dx-module structure 
on Gx- 

Proof. If M is a right Dx-module, then M (8) is a left Dx-module. Thus, a right 
Dx-module structure on ^x induces a left Dx-module structure on K^^, that is, a flat 
connection on K^^; and so a flat connection on Kx- The converse is immediate. □ 

11.5. We are interested in projective volume forms on formal moduli problems. I will 
follow a very helpful suggestion of Nick Rozenblyum, and define a projective volume 
form on a formal moduli problem to be a right D-module structure on the structure 
sheaf. The reason for this approach is that I don't know how to define the canonical 
sheaf of a formal moduli problem; presumably, the correct definition would involve 
some version of Grothendieck-Serre duality. 

Let us introduce some notation related to formal moduli problems. Let g be an Loo 
algebra (without an invariant pairing). We will let Bq denote the corresponding formal 
moduli problem; thus, ^{Bq) will refer to the dga of cochains on g, and so on. 

Let Vect(B0) be the dg Lie algebra of vector fields on Bg, that is, 

Vect(Bg) = C*(g,g[l]) = Der(^(Bg)). 

Let us define the associative algebra of differential operators D{Bq) to be the free as- 
sociative algebra generated over ^(Bg) by X e Vect(Bg) subject to the usual relations: 

x./-/.x = (x/) 
/.x = /x 

where • denotes the associative product in D{Bq), and juxtaposition indicates the ac- 
tion of Vect(Bg) on ^(Bg) or the ^(Bg)-module structure on Vect(Bg). 
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11.5.1 Definition. A projective volume form on Bq is a right D{BQ)-module structure on 

11.6. Let T*[-1]Bq denote the formal moduli problem B (s [-3] ) . Note that T* [- 1] Bq 
has a symplectic form of degree —1, so that ff{T* [—1] Bq) is a commutative dga equipped 
with a Poisson bracket of degree 1. In other words, ^(T*[—1]Bq) is a Pq algebra. 

Note that there's a action on T*[— l]Bg by scaling the cotangent fibres, that 
is, by scaling the 3] in the Lie algebra q © g'^[— 3]. Under this action on 
^{T* [— l]Bfl), the Poisson bracket has weight —1, and the product has weight 0. 

One way to say this is to observe that there is a action on the Pq operad, where 
the Poisson bracket has weight —1; and that ^(r*[— l]Bg) is a C^-equivariant algebra. 

Note that the operad BDq also has a C^, where the parameter h has weight 1, the 
product has weight and the bracket has weight —1. Thus, we can talk about C^- 
equivariant quantizations of a C^-equivariant Pq algebra. 

11.7. Possible right D(B0)-module structures on ^(Bg) form a simplicial set, as we 
can consider such objects in families over the algebra 0*(A") of forms on the n- 
simplex. 

We can also define a simplicial set of quantizations of ^(T*[— l]Bg). By the graded 
along of the Darboux lemma, (^(T*[— l]Bg) can not be deformed as a graded Pq al- 
gebra (without a differential). Thus, any quantization of ^{T*[—1]Bq) is given by a 
BDq structure on (^(T*[— l]Bg)[[?i[]] with fixed underlying graded Pq algebra. Such a 
BDq structure is entirely specified by the differential, which must be compatible with 
the Pq structure in the sense described above, and which must agree with the given 
differential modulo h. 

We can thus define the simplicial set of quantizations by saying that the n-simplices 
are families of BDq stiuctures on ^(T*[-l]Bg) Q*(A")[[/i]], with fixed underlying 
Pq stiucture, and linear over 0*(A"). 

11.7.1 Proposition. There is a natural homotopy equivalence between the simplicial set of 
right D{Bq) -structures on ^(Bg) and that of -equivariant quantizations of the Pq algebra 
^(r[-l]Bg). 

Proof. Suppose we have a right D(Bg)-module structure on ^(Bg). If y G D(Bg) and 
/ G ^(Bg), we will let fp{V) G ^(Bg) be the result of applying V to f using the right 
D-module structure. Note that, by definition, for g G ^(Bg) C D{Bq), fp{g) = fg. 
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Thus, for X G Vect(B0), 

fpiX) = lpif)piX) = IpifX). 

Thus, the entire action is determined by a linear map 

O : Vect(Bfl) ^(Bfl) 
<I>(X) = lp(X). 

Note that the relations in D{Bq) imply that X • / = (X/) + (-1)1/II^I/X. It follows 
that 

(+) <i>(/x) -/o(x) = -(-1)1/11^1 (X/) e ^(Bfl). 

We will use the map O to define a quantization of ^{T*[—1]Bq). The underlying 
graded Poisson algebra of our quantization is ^(T* [— IjBg) [[Iz]]. To describe the dif- 
ferential, let us introduce an auxiliary operator A : ^(r*[— IjBg). The operator A is 
the unique order 2 differential operator with the property that, for / G ^(Bfl), and for 
X G Vect(Bfl)[l] C ^(T*[-1]B0), wehave 

A(/) = 

A(x) = a)(x). 

The fact that A is well-defined follows from the fact that <I> is an order 1 differential 
operator. It is not hard to verify (from equation (t)) that the failure of A to be a deriva- 
tion is the Poisson bracket on ^(T*[— l]Bg). Thus, we define the differential on our 
BDq algebra to be d + hA, where d is the usual differential on iff{T* [—l]Bg). 

Let us now consider the converse. The simplicial set of quantizations we are consid- 
ering has, for n-simplices, BDq structures on ^(T*[— l]Bg) n*(A")[[fi]] with fixed 
underlying graded Pq algebra. The C ^ invariance properties of the quantization force 
the differential to be of the form d + hA, where d is the given differential on^(r*[— IjBg), 
and A is some operator mapping r(Bfi, ATBg) — ^ r(Bfl, A'~^TBfl). The operator A is 
determined uniquely by its behaviour on Vect(B0); restricted to this subspace, it must 
be a cochain map 

: Vect(Bfl) ^ ^(Bg) 

satisfying the axiom in (t). 

Thus, we have set up a bijection of simplicial sets between right D(Bg)-module 
structures on ^(Bg) and -invariant quantizations. □ 
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11.8. Now, suppose we have a classical field theory on a compact manifold M, given 
by an elliptic Loo algebra ^ equipped with an invariant pairing of degree —3. Let 
=5f (M) denote the global sections of note that, since M is finite dimensional and 
the differential on =Sf is elliptic, ^(M) has finite dimensional cohomology. 

Let C*(^(M)) denote the Chevalley-Eilenberg cochain complex of the topological 
Loo algebra ^(M). By definition, C*(^(M)) is a commutative differential graded al- 
gebra; one would expect that the invariant pairing on =Sf (M) induces a Poisson bracket 
of degree Ion C*(^(M)). 

It turns out that a little work is require to produce this Poisson bracket, because of 
analytic difficulties inherent in the infinite-dimensional nature of =Sf (M). Ln [Cosllb], 
it is shown how to construct a canonical, up to contractible choice, Pq algebra structure 
on C*(^(M)). (The results of [Cosllb] assume an additional technical condition, 
namely the existence of a gauge fixing condition. This condition is easy to verify in all 
examples we consider here). 

However, in order to avoid having to discuss any infinite-dimensional issues, I will 
explain how the results of [Cosllb] yield structures on the cohomology of .if (M). 

11.8.1 Lemma. There is a canonical, up to contractible choice, Loo structure on H*(^(M)) 
for which the pairing on H*{^{M)) is invariant. Further, this Loo algebra is equipped with 
an Loo-equivalence to =^(M). 

This Loo structure is given by the familiar homotopical transfer of structures. 

The Chevalley-Eilenberg cochain complex C*(H*(^(M))) is thus equipped with a 
Po structure, arising from the invariant pairing on H*(^(M)). 

In [Cosllb], a definition of quantization of a classical field theory is presented. Part 
of the data of a quantization of a classical field theory is a quantization of the Po al- 
gebra C* {H* {M))) , in the operadic sense discussed earlier. Our discussion about 
the relationship between BDq algebras and projective volume forms now shows the 
following. 

11.8.2 Lemma. Suppose that ^q{M) is an elliptic moduli problem on M, and that ^(M) = 
^q{M) © =Sfo (•^) [~'^] corresponding cotangent field theory. 

Then, aC^ -invariant quantization of this cotangent theory (using the definitions o/[Cosllb]) 
yields a projective volume form on the formal moduli problem =^o(M). 

The key concept in the definition of quantization presented in [Cosllb] is that of 
locality. This is reflected in the fact that possible quantizations of a classical field theory 
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form a sheaf on M: so that the projective volume form on the moduli problem ^o(M) 
is built up from local data on M. 

In the algebraic language presented in [CGll], locality is reflected in the fact that 
the a quantization provides a BDq algebra'^ quantizing not just C*(^(M)), but also 
C*(=Sf (LZ)), for each open subset U C M. We refer to this BDq algebra as the complex 
of quantum observables Obs'^(LZ). As U varies, the quantum observables form what 
we call a factorization algebra. 

12. Basics of supersymmetry 

Many of the field theories of interest in mathematics arise as twists of supersym- 
metric field theories. In this section I will say what it means for a field theory in 
4-dimensions to be supersymmetric, and explain the twistor-space construction of cer- 
tain supersymmetric gauge theories on developed in [BMS07, Wit04]. 

Before we start, I should say a few words about the gradings used in supersymme- 
try. Supersymmetric field theories have two gradings: one by Z/2, and one by Z. The 
first grading is the number of fermions, and the second is a cohomological grading, 
called in the physics literature the "ghost number". Both gradings contribute to signs: 
if we move an element a of bidegree (fli, az) past an element j6 of bidegree (bi, bz), we 
introduce a sign of (-l)(«i+«2)(&i+&2). 

When we deal with such bi-graded cochain complexes, the differential is of degree 
(0, 1). In other words, the differential only affects the cohomological degree and not 
the fermionic degree. We call such an object a super cochain complex. 

There are two possible ways of shifting a super-cochain complex: we can reverse the 
fermionic grading, or we can shift the cohomological grading. If V is a super-cochain 
complex, we will let nV denote the same complex with fermionic grading reversed 
and cohomological grading unchanged. We will let ^[—1] denote the same complex 
with fermionic grading unchanged, and cohomological grading shifted by one. 

We would like to adapt the definition of classical field theory given earlier to this 
bigraded context. The main point to remember is that all algebraic structures we con- 
sider preserve the fermion degree, and have the same cohomological degree as they do 
in the world of ordinary cochain complexes. Thus, a super Loo algebra is a super cochain 



In the current incarnation of [CGll], the theorem is a little weaker than I have stated: we have not 
yet constructed the BDg algebra on Obs''(!i) for each open subset U, we have only constructed these as 
cochain complexes. The stronger statement is work in progress. 
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complex y, equipped with maps /„ : 1/®" — )■ V of bidegree (0,2 — n), satisfying the 
usual Loo relation. 

The relationship between Loo algebras and formal moduli problems exists in the su- 
per context as well, where one defines a super formal moduli problem to be a functor 
on the category of super Artinian dg algebras. 

All of the definitions we gave earlier (like that of an elliptic Loo algebra) can be 
defined without any difficulty in the super context. 

12.0.3 Definition. Let Mbea manifold. A perturbative classical field theory with fermions 
on M is a super elliptic Loo algebra ^ onM together with an invariant pairing on of bide- 
gree (0,-3). 

Given any super elliptic Loo algebra on M, corresponding to a sheaf of formal 
super moduli problems on M, one can, as before, construct a classical field theory ® 
[—3]. This classical field theory will be called the cotangent field theory associated to 



12.1. First, let us give the definition of supersymmetry. I will concentrate on dimen- 
sion 4 in Euclidean signature. Suppose that is a classical field theory on R^. Thus, 
is a formal elliptic moduli problem on ]R^, equipped with a symplectic form of 
degree —1. 

Let us suppose that the classical field theory M. is invariant under the group Spin(4) x 
R*, the double cover of the group of Euclidean symmetries of R^. This means that this 
group acts on AI(R^) in such a way that, if ^ € Spin(4) k R^, the action of g on 
M(R4) takes M(U) c ^(R^) toAl(^(LZ)). 

We will further assume that this action differentiates to an action of the Lie algebra 
so(4) K R4 on (LT), for each U (Z M. 

We will define a supersymmetric field theory on R^ to be a field theory equipped 
with an action of a certain super Lie algebra called the super Euclidean Lie algebra, 
extending the given action of the Euclidean Lie algebra. 

In Euclidean signature, this larger Lie algebra is only defined over C, and not over 
R. Thus, to talk about supersymmetry in Euclidean signature, we need to use elliptic 
moduli problems which are defined over C. (For an elliptic moduli problem to 
be defined over C just means that the corresponding Loo algebra is a complex Lie 
algebra). 
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12.2. Recall that there is an isomorphism of groups 

Spin(4) ^ SU{2) x SU{2). 
We will refer to the two copies of SU{2) as SU{2)+ and SLr(2)_. 

Let S+ denote the 2 complex dimensional fundamental representation of SU{2)-^., 
endowed with the trivial SLZ(2)_ action. Thus, <S+ is a complex representation of 
Spin(4). Define <S_ in the same way. 

Let V denote the defining 4-dimensional real representation of SO (4). There is an 
isomorphism of complex Spin (4) representations 

Given any complex vector space W, we can define a super-translation Lie algebra 
based on W. The dimension of W will be the number of supersymmetries. 

The super-translation Lie algebra is defined to be the super Lie algebra 

= Vc ® n(<s+ w e 5- w^). 

Thus, the even part of is Vc, and the odd part is 5+ (g) W 5_ (g) W^. 

The only non-trivial bracket on is between 5+ ® W and 5_ (gi . li (p : S+ 
<S_ — )■ Vc is the natural map, then the bracket is defined by the formula 

[s (g) w, s' (8) w'] = (p{s (g) s') (w, w') 

for s e <S+, s' &S-,w& W, w' e W^. 
We will often use the notation 

to refer to the super-translation Lie algebra associated to C*^. The cases of interest are 
whenfc = 1,2,4. 

Note that there is a natural action of Spin (4) on . Thus, the complexified Lie 
algebra so(4,C) acts on T^, so that we can define the semi-direct product so(4,C) k 
. This is the (complexified) super Euclidean Lie algebra. 

Also, the group GL(W) acts on T^, in a way commuting with the natural action of 
Spin (4). 

12.2.1 Definition. Afield theory on with ,yV = k supersymmetries is a Spin(4) x R^- 
invariant super elliptic moduli problem M. defined over C with a symplectic form ofcohomo- 
logical degree —1; together with an extension of the action of the complexified Euclidean Lie 
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algebra 50 (4, C ) ix Vc an action of the complexified super-Euclidean Lie algebra so (4, C ) x 

Given any complex Lie subgroup G C GL(k,C), we say that such a supersymmetric field 
theory has R-symmetry group G if the group G acts on the theory in a way covering the trivial 
action on space-time R^, and compatible with the action ofGc GL(fc,C) on T-^""^. 

12.3. Examples. Now that we have a definition of a supers5rmmetric classical field 
theory, I should give some examples. 

Supers5nmmetric gauge theories are difficult to write down explicitly on real space. 
The more supersjnmmetry, the harder it is to write down a supersjonmetric theory. 
For the jY = \ theory, one can use the "superspace formalism" [DF99] to construct 
supersymmetric field theories. The fields of the theories are geometric objects (such as 
connections) on the supermanifold R^'^, satisfying certain constraint equations. For 
= 2. theories, there is also a superspace formalism, but the constraints the fields 
need to satisfy become more complicated. For the jV = \. theory, no superspace 
formulation is known. 

On the other hand, it has become clear in recent years [Wit04, BMS07] that twistor 
theory provides a simple uniform construction of all supersymmetric gauge theories. 

For this reason, I will describe the twistor-space formulation of supersymmetric 
gauge theories. I will start by briefly recalling the classical Penrose-Ward correspon- 
dence, relating holomorphic bundles on twistor space and anti-self-dual bimdles on 
R^. Then, I'll describe the super-twistor space in some detail, and state the super ana- 
logue of the Penrose-Ward corresponence. 

12.4. Recall [WW91] that the twistor space FT of can be identified with the com- 
plement of a on P^, or equivalently with the total space of ^(1) © &{\) P^. 

The group of Euclidean (and even conformal) symmetries of P^ acts on twistor 
space. Let us rewrite twistor space in a way which makes this action evident. 

As before, let <S+ and <S_ denote the spinor representations of Spin(4) = SLJ(2) x 
Sii(2), defined as the puUback of the fundamental representations of the two copies 
of SLr(2). The more invariant definition of the twistor space is that it is 

PT = e{\)®S- -> p(<s+), 

the total space of the rank 2 vector bundle G{\)®S- over P (<S+ ) . In this presentation, 
the action of the complex group 

SL(<S_) X SL(<S+) = Spin(4,C) 
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on PT is evident. 

Next, we need to construct an action of the group of translations of on twistor 
space PT. This action will preserve the fibration p : PT P(5+). Note that the 
relative tangent bundle to p is p * ( 1 ) iS_ . There is a natural map 

H\F{S+),&{1)^S-) H°(PT,p*(^(l) ®<S_). 

There is a canonical isomorphism 

H°(P(<S+), ^(1) (8) <S_) =S+®S- 

and <S+ (8> S- is (as a Spin(4) representation) the complexification of E.^. In this way, 
we have construct a Spin(4)-equivariant map 

H°(PT, TPT) 

and so the desired action of translations on R'^ on the twistor space. 

12.5. Next, we will construct the twistor fibration, which is a non-holomorphic fibra- 
tion PT R^. 

Note that the we can identify the space of sections of the bimdle ^(1) i8) <S_ 
P(<S+) with the space of P^'s in PT which project isomorphically onto P(<S+). We 
have seen above that this space of sections is a copy of = R"^ (8) C. 

It follows that, for each x E R^, there is a corresponding ¥]. e PT, namely the 
image of the section corresponding to 

X e R^ C R^ (8> C = <S+ (8) <S_. 

This P^ is called the twistor line corresponding to x e R^. 

A standard lemma is the following. 

12.5.1 Lemma. For x,y E R^, the twistor lines P3[., Py are disjoint. Further, every point in 
twistor space is in a unique W\for some a: e R^. 

Proof. Note that Pj is the zero section of the bundle &(1)®S- ^ We need to 

verify that, for each x E R"^, the section Sx of <S_ has no zeroes. 

To see this, observe that - since 5+ and <S_ both have symplectic structures - the 

space 5+ ® S- of sections of ^(1) S- has a symmetric and non-degenerate inner 
product. Recall that 5+ (8) 5- = R^ C; this inner product is the complexification of 
the Euclidean inner product on R^. Let us choose a Darboux basis a, /3 for S-. Let us 
write our section S;,; of ^(1) (8> 5_ as 

Sx= fa + g^, 
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where f,g^ H'^(P(5+), ^(1)). Such a section has a zero if and only if / and g are 
proportional. If / and ^ are proportional, (Sj,Sj) = 0, where the inner product is the 
one on <S+ (S> S- inherited from the symplectic forms on <S+ and S- . 

Now, the subspace C is positive-definite with respect to this inner product, 
so the section corresponding to any x G has no zeroes. 

It is an easy exercise to verify that every point in twistor space lies in the twistor 
line for some x ^M.^. □ 

Thus, there is a non-holomorphic fibration - the twistor fibration - 

7r : FT ^ 

with the property that n'^{x) = W\ for each x G IR''. 



12.6. We are interested in twistor space (and its supersymmetric generalizations) as a 
tool to construct supersymmetric gauge theories. We will discuss the non-supers5Tnetric 
case first. 

Recall that the Penrose-Ward correspondence [WW91] states that there is a natural 
bijection between vector bundles on equipped with anti-self-dual connections 
, and holomorphic vector bundles on FT which are trivial on every twistor fibre. A 
refined version of the Penrose-Ward correspondence [BMS07, Mov08] is the following. 

12.6.1 Theorem. The anti-self-dual Yang-Mills theory on R^ (i.e. the cotangent theory to the 
elliptic moduli problem of anti-self-dual instantons) is equivalent to the cotangent theory for 
holomorphic vector bundles on FT, which are trivial on every twistor fibre. 

A proof of this is presented in [BMS07] and [Mov08]. 

Let me give a more precise version of the statement. Let G be a semi-simple alge- 
braic group. Let P — > FT be a principal G bundle, and suppose that for every twistor 
fibre F^ C FT, the G-bundle P |pi is trivial (but not trivialized). 

The Penrose-Ward correspondence tells us that, associated to P, there is a C°° G- 
bundle ^{P) — > R^, equipped with a connection whose curvature is anti-self-dual. 

Note that we are considering the complex anti-self-duality equations for a complex 
connection on a complex principal bundle. In order to find solutions to the real anti- 
self-duality equation, one needs to put some reality structures on the holomorphic 
principal bundle P — > FT. We will, however, only consider the complex case. 
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Given P PT, we can consider the elliptic moduli problem of deformations of P. 
This is described by the elliptic Lie algebra 

where g? adjoint bundle of Lie algebras associated to P. The cotangent theory to this 
elliptic moduli problem is described by the elliptic Lie algebra 

r[-l]^hol = 0"'*(PT,flp) ® 03'*(PT,g^). 

If LT C K^, let PT(fi) C PT be the inverse image of U under the twistor fibration 
n : PT — > R^. Our elliptic moduli problem on PT gives rise to a sheaf of dg Lie 
algebras on E.^, which assigns to U the dg Lie algebra 

7r,^;,„, = nO'*(PT(LJ),sp). 

This is not quite an elliptic Lie algebra on IR'*, because it is not built from sections of a 
finite-rank vector bundle on M.^. 

However, it is quasi-isomorphic to an elliptic Lie algebra on R^. Recall that the 
moduli of deformations of the anti-self-dual Yang-Mills bundle ^{P) on IR^ can be 
described by the elliptic Lie algebra 

^ASD = n^iR^0^(p)) ^ ^l(]R^0^(p)) ^ n2_(]R4,0^(p)). 

Then, it is shown in [BMS07, Mov08] that there is a homotopy equivalence of sheaves 
of Lie algebras on ]R^ 

^SD ^ 71*^,0/ • 

This homotopy equivalence extends to the cotangent theories: there is a homotopy 
equivalence 

r[-l]ifsD ^ n,T*[-l]^M, 
where T* [— 1]^sd is the elliptic Lie algebra describing the shifted cotangent bundle to 
the moduli of anti-self-dual bundles. 

This shows that the anti-self-dual Yang-Mills theory on is equivalent to the 
cotangent theory for holomorphic bundles on the twistor space PT. 

12.7. Next, we will discuss the supersymmetric version of this story, which will allow 
us to construct supersymmetric gauge theories. 

I gave the definition of a supersymmetric field theory on R^. However, one can also 
define supersymmetric field theories on other spaces equipped with an action of the 
translation group R^: if X is a manifold with such an action, then a supersymmetric 
field theory on X is a field theory on X, invariant under the action of R^, together with 
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an extension of the infinitesimal action of to an action of the appropriate super- 
translation Lie algebra. We will construct supersymmetric field theories on twistor 
space. 

The supersymmetric extension of the Penrose-Ward correspondence states that there 
is an equivalence between holomorphic vector bundles on a graded complex manifold 
- the super-twistor space - and the anti-self-dual versions of supersymmetric gauge 
theories on R*. In [BMS07, Wit04] it is shown that this correspondence can be lifted 
to a homotopy equivalence of sheaves of Loo algebras^ on R^, where one sheaf is the 
elliptic Leo algebra describing solutions to the super-symmetric anti-self-duality equa- 
tions, and the other sheaf is the push-forward from the twistor space of the elliptic Lie 
algebra describing holomorphic bundles on the appropriate super-twistor space. 

The twistor space formulation of anti-self -dual supersymmetric gauge theory is far 
more transparent than the real-space formulation. Thus, we will take the twistor space 
formulation as a definition. 

There are three versions of supersymmetric gauge theory: those with JV = 1, 2, 4 
supersymmetry. Thus, there are three corresponding super-twistor spaces. 

12.8. We will present a uniform construction of super-twistor spaces. For any A: > 0, 
let us define a holomorphic super-manifold 

PT^='^ = n(^(l) C'^) FT. 

Thus, WT'-^^^ is the complex Z/2 graded manifold which is the total space of the 
purely odd bundle G{\) ® C*" Let 

Gj^^^ = A*(^(-l) (gjC*^) 

be the structure sheaf of PT"^"*^, viewed as a sheaf of super algebras on FT. Note that 
A' (^(—1) (8) C*^) is in fermion degree i mod 2, and cohomological degree 0. 

Let P FT be a principal G-bundle. Let qp be the adjoint bundle of Lie algebras 
on FT. Let us consider the super elliptic moduli problem of holomorphic bundles on 
FT'^='' which are deformations of the bundle 7t*P. 

The corresponding elliptic Lie algebra is 

= nO'*(FT, 0p). 

^These authors didn't use this language: they stated the result as an equivalence between classical 
field theories. However, since the Loo structure is encoded in the classical action functional, their results 
prove this statement. 
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Here, we have a mixture of cohomological and f ermionic degrees: 0*^'' (PT, A^(^(— 1)0 
C*^) ® Qp) is in cohomological degree i and fermionic degree j mod 2. 

12.8.1 Lemma. The graded complex manifold FT'^^^ has a natural action of the super- 
translation Lie algebra T-^=^. Further, the composed projection 

PX'^=i PT ]R4 

is compatible with the action of the translation Lie algebra o/R^ on all the three spaces. 
Further, this action is compatible with the natural action o/Spin(4,C) x GL(k,C) on 

Proof. Let us change to more invariant notation. Let W be a complex vector space of 
dimension k. The super Lie algebra was defined earlier. We will let PT*^ refer to 
the total space of n(^(l) ® W) over PT. If W = C'^ then, then PT*^ is what we called 
PT-^=^ above. 

Thus, PT'^ is the total space of the Z/2-graded bundle 

^(1) ® (<Senw) 

overP(<S+). 

We will use this presentation to define linear maps 

US- O W"^ ^ Vect(PT^) 
n5+®W^ Vect(PT^). 

Every endomorphism of the bimdle ^(1) ® (<S_ © HW) yields a vector field on FT. 
Clearly, endomorphisms of the super vector space <S_ © DW yield endomorphisms of 
this super vector bundle. Since 

nw"^ (g) «s_ c End(<s_ © nw) 

we get a map 

nW^ ®S-^ Vect(FT^). 

Next, we will construct the map 

n«S+(8)W-)- Vect(PT^). 

Any section of the super vector bxmdle ^(1) ® {S- © nW) yields a vector field on the 
total space of this bundle. This gives us a map 

H° (P(5+), ^(1) O (5- © nW)) ^ Vect(PT^). 
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In particular, we get a map 

H°(P(«S+), ^(1) ® nW) = n<S+ (g) W ^ Vect(PT^). 

It's not difficult to verify that these maps satisfy the relations necessary to define an 
action of the super-translation Lie algebra on PT*^, in a way compatible with the 

map PT'^=i □ 

12.9. Now we are ready to define the anti-self-dual versions of the jV = \ and jY = 2 
supersymmetric gauge theories. 

\1S.\ Definition. The anti-self-dual = 1 (respectively, ^ = 2) gauge theory is the 
cotangent field theory for the super elliptic moduli problem on FT describing holomorphic 
bundles on the J/ = 1 (respectively, J/' = 2) twistor space PT'^"'^ (respectively, FT^""^). 

Since the super-translation Lie algebra T'^"'^ acts on the super-twistor space PT'^^*^ 
it is clear that this construction yields a super-symmetric field theory in the sense we 
described earlier Further, this theory has the largest possible R-symmetry GL(fc, C). 

Remark: I should emphasize that, in practise, the entire R-symmetry group will not act 
on the quantum theory. As Anton Kapustin explained to me, in the ordinary ^ = 1 
gauge theory with no matter fields, the classical R-symmetry group C ^ has an anom- 
aly at the quantum level: there, only a discrete cyclic subgroup acts. 

Recall that indicates the pushforward of the structure sheaf of PT'^^'^ to 

^PT- Let 

^^=;t = Hom^rT(^i^=^^PT)- 
By definition, the elliptic Lie algebra describing this cotangent theory is 

Here, A: = 1,2 as above. The full ^ = \ or ^ = 2 gauge theory is, as is described in 
[BMS07], given by a 1-parameter family of deformations of the anti-self-dual theory. 

12.10. The construction of the theory with jV = ^ supersymmetry does not quite 
follow the patter set by the jV = \,2 theories. 

We have seen that FT"^^^ has an action of T"^^^. Let =Sf/K=4 be the elliptic Lie 
algebra describing bundles on PT"^^^, near a particular G-bundle P pulled back from 
PT. Thus, if Qp is the adjoint bundle of Lie algebras on PT, we have 

^^=4 = □'^'^(FT, ^^=4 ^^PT flp)- 
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With the ,jV = 2 and ^ = 1 theories, we took the cotangent theory to the moduli of 
G-bundles on the appropriate super-twistor space. With the ^ = 4 theory, we don't 
need to do this. 

12.10.1 Lemma. ^/K=4 theory has an invariant pairing of cohomological degree —3 (and 
fermion degree 0), so that the corresponding elliptic moduli problem is a classical field theory. 

Proof. Indeed, 

^^=4 = Sym* (n^PT(-l) O C^) . 

Thus, there's a map 

^^=4 ^ A^(^(-l)pTr ® C^) = ^pt(-4) = 

of super vector bundles on i^pt. 

The invariant pairing on the Lie algebra Qp thus gives us a map of super vector 
bundles on FT 

Composing with the isomorphism 

n°'3(PT,KpTr) = Dens(PT) 
gives the desired invariant pairing. □ 

Of course, this lemma is simply observing that PT'^"^ is a super Calabi-Yau man- 
ifold. The anti-self-dual .yK = 4 theory is the holomorphic Chem-Simons theory on 
this super Calabi-Yau. 

It is clear that the action of the super-translation Lie algebra T'^"^ on the =yK = 4 
theory is compatible with the action of the complexified Euclidean Lie algebra, so this 
is indeed a supersymmetric field theory. 

The R-S5nmmetry group of the = A theory is not GL(4,C), because we need to 
choose a trivialization of det C^ in order to write down the symplectic pairing. Instead, 
the R-symmetry group is SL (4, C). 

Remark: Our conventions are slightly different to usual conventions in the physics lit- 
erature. Our theories have complex space of fields, and we are not concerned about 
reality conditions. Thus, our R-symmetry group is SL(4, C). In the physics literature, 
reality conditions are considered to be more important, so the R-symmetry group for 
the =yK = 4 theory is usually taken to be SLZ(4). 
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Remark: One can ask why we have not considered a theory with .yV = 3 supersymme- 
try. We could follow the pattern set by the ./K = 1 and ^ = 2 theories, and define the 
c/K = 3 theory to be the cotangent theory to the moduli of holomorphic bundles on 
the graded manifold 

^(1)[1]®2©^(1)[-1] -)-PT. 

This cotangent theory will recover the ^ = 4 theory. Thus, the ^ = 3 theory already 
has ^ = 4 supersymmetry. 

13. Twisting supersymmetric field theories 

Many of the quantum field theories of interest in mathematics arise as twistings of 
supersymmetric field theories. In this section I will describe the concept of twisting 
of a supersymmetric field theory, and analyze the twists of the supersymmetric gauge 
theories introduced in the previous section. 

Recall that a field theory on (or on some other space naturally associated to R^, 
such as the twistor space FT) has ^ = k supersymmetry if it is equipped with an 
action of the super Lie algebra 

j^=k ^ = n (5- © 5+ w) ® Vc, 

where W is a complex vector space of dimension k and where Vc = denotes the 
complexification of the abelian Lie algebra of translations on R^. 

We also assume that our supersymmetric field theory is equipped with an action of 
an R-symmetry group Gr C GL(W), in a way compatible with the natural action of 
Gr on r^. 

The basic idea of twisting is as follows. Suppose we have an odd element Q of 
which satisfies [Q,Q] = 0. A physicist would say that the twisted theory is obtained 
by treating Q as a BRST operator (that is, as a differential). In our set-up, field theories 
are already differential-graded objects. Therefore, we should imagine constructing the 
twisted theory by adding Q to the differential on the elliptic moduli problem defining 
our classical field theory. This naive idea leads to problems, because our differential 
should be of fermion degree and cohomological degree 1, whereas Q is of fermion 
degree 1 and cohomological degree 0. 

In order to do this construction properly, we need some additional data. 

13.0.2 Definition. Twisting data /or a supersymmetric field theory consists of a group ho- 
momorphism p : — )■ Gr, an odd element Q e T^, such 

(1) [Q,Q]=0. 
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(2) p{t){Q) = tQfor t G C^, and p{t) indicates the action ofC^ on arising from 
the natural action o/Gr C GL(W) on T^. 

Suppose that M is a classical field theory on (or on FT) with ^ = k super- 
S5TTunetry. Thus, is a super elliptic moduli problem on (or on FT), with an 
invariant pairing of degree —1, and additionally equipped with a compatible action 
of Spin(4) and of the super-Lie algebra T^. Let us suppose also that M is acted on by 
the R-symmetry group Gr, in a way compatible with the Gr action on T^. 

Then, a choice of twisting data {p, Q) as above gives rise (via Q) to an action on 
Ai of the Abelian super-Lie algebra HC, and (via p) to an action of the group C ^ . 
These two actions are compatible, and can be viewed as an action of the super-Lie 
group C ^ IX nC. (Since nC is a nilpotent Lie algebra, we can think of it as a super-Lie 
group). 

13.1. The twisting construction can be defined for any field theory on a manifold X 
with an action of the super-group K ITC, covering the trivial action on X. Morally, 
the procedure to construct a twisted theory is as follows. 

(1) First take the homotopy fixed points of M. under the action of DC. This 
gives a field theory over the Chevalley-Eilenberg Lie algebra cochain algebra 
C*(nC) = C[[f]], where t has cohomological degree 1 and fermion degree 1. 

(2) Invert the parameter t in our base ring, to give a field theory over C((f)). 

(3) Now, take invariants. 

Let us now explain in detail how to do this at the formal level, where A4 is a formal 
elliptic moduli problem, corresponding to an elliptic super Leo algebra J^, equipped 
with an invariant pairing of cohomological degree —3. As above, suppose that .if is 
equipped with an action of the super-group x nC, covering the trivial action on 
X. Thus, the sheaf BJf on X of formal moduli problem is equipped with an action of 
C ^ K nC in a way preserving the base point. 

Let us assume that the action of C ^ on ^ is linear. Thus, this C ^ action will give ^ 
an additional grading. 

Let us think of the action of nC on ^ as a Lie algebra action, and let us denote a 
basis of nC by Q Recall that, for us, an action of a Lie algebra g on a field theory is 

described by a family of field theories over C*(g). Thus, the action of EEC on ^ is 
described by a family of elliptic Loo algebras ^'^'^ over the base ring C*(nC) = C[[t]] 
where t has a cohomological degree 1, and fermion degree 1. This Loo algebra (viewed 
as an Loo algebra over C) is the homotopy fixed points for the nC action on =Sf . 
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Concretely, if the action of nC on the Loo algebra J£ happens to be linear (as is the 
case for the field theories we are interested in), then 

with differential d^ + tQ. jSf^^ is the homotopy fixed points of imder the action 

of nc. 

Next, let us invert the parameter t, to giving us the elliptic Loo algebra 
Finally, we take the C ^ fixed point of this object. That is, the twisted theory is 

^Twisted ^ (j§fnC[^-l]^C\ 

The invariant pairing on ^Twisted cigfined as follows. Note that =Sf^^[f^^] has an 
invariant pairing valued in C ((f)). This restricts to a pairing on ^Twisted ^j^j-^ values 
in the C^-invariants of C((i)), which is C. 

13.2. Let us make this construction more explicit. Let us assume for a moment that 
the action of Q G OC on ^ is linear (as will be the case in the examples of interest). 
Let jSf*^ C 5£ denote the subspace on which s G acts by . For simplicity (so we 
don't have to discuss completions) let us assume that = for all but finitely many 
k. Note that the operator Q maps to Then, we can identify 

^^^^^ (n^^'^M) . 

Thus, jSf is shifted up by cohomological degree k, and also has a shift of fermion 
degree by A: mod 2. This shift comes from the fact that t'^ has fermion degree A: mod 2 
and cohomological degree k. 

The differential on this complex is arises from the ordinary differential d^ on jSf , 
together with the operator Q, which maps each to Because of the shift of 

fermion and cohomological degrees, the operator Q is now of fermion degree and 
cohomological degree 1, as is required for a differential. 

13.3. Let be a field theory on X as above, with an action of x DC. Then there is 
a filtration on ^Twisted getting 

pi^Twisted _ 0^^,^fc^fc ^ jj^Twisted 



The associated graded coincides with except for a change of grading, where the 
summand is shifted by cohomological degree k and by fermion degree k. In other 
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words, the associated graded coincides with ££ twisted by the given action of C ^ and 
the trivial action of nC. 

In [CGll], we analyze classical and quantum field theories in terms of the associated 
factorization algebra. The factorization algebra for the classical field theory J£ assigns, 
to an open subset U C X, the Chevalley-Eilenberg cochains C*{^{U)). Let us denote 
this factorization algebra by Obs^: it is the factorization algebra of classical observables 
of the field theory. 

The group K C acts on the factorization algebra Obs^, and one can construct 
the factorization algebra for the twisted theory directly from this action. Indeed, it is 
not difficult to verify that Obs^iwisted can be computed by 

Obs^Twis.ed(tJ) = (obs^(U)nC(^^jj^jjC((0))^ . 

In other words, the observables for the twisted theory are obtained from the observ- 
ables of the untwisted theory by first, taking the homotopy fixed points with respect 
to nC; then inverting the parameter t; and finally taking -invariants. (In this ex- 
pression, a little care is needed with completions of topological vector spaces in order 
to make the equality exact). 

It follows from this expression that there is a spectral sequence computing the co- 
homology of the observables of the twisted theory from those of the untwisted theory, 
as follows. Let H''''''^(Obs^(LJ))) denote the cohomology in cohomological degree i, 
fermion degree j and weight k under the C ^ action. Then we have a spectral sequence 

H''^'*^(Obs^(LZ)) => H'+'^'^+HObsjTwisted(U)). 

If one can construct a quantization of the classical theory described by and if this 
quantization is compatible with the action of C ^ x LIC, then one automatically has a 
quantization of the twisted theory. Further, the relation between observables of the 
twisted and imtwisted theories described above holds at the quantum level. It follows 
that one has a similar spectral sequence relating quantum observables of the twisted 
and untwisted theories. 

14. Twisted supersymmetric gauge theories 

Next, we will give a detailed description of the theories obtained by twisting our 
anti-self-dual super-symmetric gauge theories on twistor space. We will see that the 
twisting procedure yields natural "holomorphic gauge theories" on C^. 
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We will start with the case of ,yV = 1 supersymmetry. Let us choose an element 
Q G . Recall that the choice of such an element yields a complex structure on the 
linear space K.^; indeed, the stabilizer of Q in Spin(4) = SLZ(2) x SLJ(2) is SLI(2), so 
that Q provides a reduction of structure group to SLJ(2). 

Since the R-symmetry group of the JV = 1 theory is C^, there is a unique map 
jO : — )■ G^=^ under which Q has weight 1. 

Recall that the yi^ = 1 anti-self-dual theory is the cotangent theory to the elliptic 
moduli problem of holomorphic bundles on PT"^"^ = n^(l) PT. As before, let 

be the structure sheaf of PT"^"^, viewed as a sheaf of super commutative algebras on 
PT. 

Recall that 

PT = ^ P(5+). 

Thus, the element Q G <S+ yields a section on P(<S+) of ^(1), and so a section of 
^pt(I)- Thus, it yields a map 

Q : ^pt(-I) ^PT. 

Recall that the twisting procedure described above involves a shift in grading. In 
this example, we shift ^pt(— 1) from being in fermion degree 1 and cohomological 
degree to being in fermion degree and cohomological degree —1. 

Thus, the twisting procedure yields the sheaf ^5^=1 differential graded algebras 

^5=i = ^pt(-1)[1] ^^PT- 

The twisted ^ = 1 theory is the cotangent theory to the elliptic moduli problem for 
holomorphic bundles on the differential graded complex manifold PT with structure 
sheaf ^3^=1 • Explicitly, near the trivial bundle principal G-bimdle on PT, the twisted 
theory is the cotangent theory associated to the elliptic Lie algebra 

Note that this theory is concentrated entirely in fermion degree 0, so we can con- 
sider it to be an ordinary (non-super) elliptic moduli problem. This will be a feature 
of all the twisted theories we consider. 

We showed above that, in general, the twisted theory lives in a C ^ -equivariant fam- 
ily of theories over whose value at the central fibre is the untwisted theory (with a 
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different grading). For this example, the family of theories is defined by the family of 
differential graded algebras 

^Pt(-1)[1] ^PT- 

This has a natural action (of weight on and weight —1 on ^pTr(— 1)[1]) 
making it into a C^-equivariant family of theories over A^. 

14.1. Observe that there is a quasi-isomorphism of sheaves of algebras on FT 
where 

Z(Q) C FT 

is the copy of realized as the zero locus of Q G r(FT, ^(1)). The twistor projection 
FT — > yields a diffeomorphism 

Z(Q) ^ R\ 

The complex structure on induced by this diffeomorphism is, of course, the com- 
plex structure associated to Q G <S+. 

It follows that there is a homotopy equivalence of sheaves of dg Lie algebras 

71,0°'* (^5.^1 ^0) ~ nO'*(^z(Q) 0), 

where n : FT — is the twistor fibration. 
Thus, we have shown the following. 

14.1.1 Lemma. The twisted self-dual ^ = 1 theory is equivalent to the cotangent theory for 
the moduli space ofholomorphic bundles on = K.^, holomorphic with respect to the complex 
structure determined by the choice ofspinor Q G 5+. 

Note, however, that in this presentation the relationship between the twisted theory 
and the original theory has been obscured. There is no filtration on the dg Lie algebra 
Q°'*(^2(Q) ® 9) corresponding to that on the homotopy equivalent dg Lie algebra 
7r*0°'*(^^^^ (8) 0); the filtration can only be written down after passing to a larger 
(but homotopy equivalent) complex. 

14.2. Let us now consider the twists of the ./K = 2 and ./K = 4 theories. In each case 
we need to choose twisting data (for the jV = \ theory, all choices are essentially 
equivalent). 
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Recall that the R-symmetry group of the .jV = 2 theory is GL2(C). Part of the 
twisting data is a group homomorphism p : — ?■ GL2(C). We will choose the homo- 
morphism given by the matrix 




Recall that the odd part of 7-^=^ is <S+ © 5_ (X) C^. The other part of our twist- 
ing data is an odd element Q of T--'^='^ which satisfies [Q, Q] = and which is of 
weight 1 under the C ^ action. The C ^ action gives 5+ weight 1 and S- <S> 
weight —1. Thus, the space of possible Q's is S+ C^. Let a G <S+ be a spinor (cor- 
responding to a complex structure on R*). We will take our Q to be a decomposable 
element 



Q = ai 



;)• 

Remark: Note that the twisting data we choose is not generic. Indeed, once we have 
chosen our homomorphism p : ^ GL2{C), we see that possible Q's is S+ <^ C^. 
The group GL(2) x Spin(4, C) acts on this space; the action factors through GLjiC) x 
SL2 (C ) . Two twists which are related by an element of this S5nmmetry group are equiv- 
alent. We are choosing our Q to be a decomposable tensor, and thus in a lowest- 
dimensional non-zero orbit. 

We call twists of this form minimal twists. We will realize twists by more generic 
elements as being obtained by further twisting the minimally twisted theory. 

We find that the twisted ^ = 2 theory is the cotangent theory to the moduli of 
holomorphic G-bundles on the differential graded complex manifold with structure 
sheaf 

= Sym* (^PTr(-l)[l] © ^pt(-1)[1]) 

with differential induced from the map Q : ^pt( — 1) [1] ^ ^pt- 

An argument similar to that we applied for the ^ = 1 theory now shows the 
following. 

14.2.1 Lemma. The twisted ^ = 2 theory is the cotangent theory for the elliptic moduli 
problem of principal G-bundles on the graded complex manifold C[— 1] — )■ C^, where C[— 1] 
refers to the trivial line bundle put in degree 1. 
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14.3. Next, let us consider the /K = 4 theory. The R-symmetry group in this case is 
SL4(C). We choose our homomorphism p : — ?• SL4(C) to be given by the matrix 

/too \ 

t 


Vo rV 

The space of possible Q's of weight 1 under this twist is 5+ C'^ © <S_ C^. We take 
our Q to be, as in the ^ = 2 theory, a decomposable tensor 




for some a G <S+. 

The following lemma is easy to verify. 

14.3.1 Lemma. The twisted =yK = 4 theory is the cotangent theory for the elliptic moduli 
problem describing holomorphic G-bundles on the graded complex manifold C^[l] C^. 

14.4. It is worthwhile describing these field theories completely explicitly. For the 
^ = 1 theory, near the trivial principal G-bundle, the elliptic Lie algebra with invari- 
ant pairing is 

^Q^i = OO'*(C2,0©g^[-l]), 

where g © g"^ [— 1] is made into a Lie algebra by the action of g on g"^ [— 1] . The invariant 
pairing is 

A,ip®B) = / ^i/7dzidz2 (A, B)g 
where A e g, B e g^, and <p,^ e CP'*{€.^). 
The jV = 1 Lie algebra is 

^Q^2 = ^°'*(c^0N©0^[-2][£]), 

where £ is a parameter of degree —1, and the pairing between g[£] and g^[e] is given 
by combining the pairing between g and g^ with the trace map on C [e] defined by 

Tr : C[e] ^ C 
Tr(e) = 1. 

Finally, let us describe the jV = \ Lie algebra. Consider the algebra A = C[ei,e2], 
where £( are of degree 1, equipped with the trace map of degree —2 defined by 

Tr(£i£2) = 1. 



NOTES ON SUPERSYMMETRIC AND HOLOMORPHIC FIELD THEORIES IN DIMENSIONS 2 AND 4 59 



The .yf = 4 Lie algebra can be written as 

jSf5^4 = O°'*(C^0 ® A © g^[l] A). 

Note that the ./K = 1,2 and 4 twisted theories all arise from taking a graded- 
commutative Frobenius algebra A, with a trace of degree —k, and then considering 

0°'* (C2, ® A © [fc - 1] A) . 

14.5. A supersymmetric field theory, by definition, is one equipped with an action 
of a certain super Lie algebra. In this section we will see that a twist of a twist of a 
supersymmetric gauge theory has some residual symmetries. 

Recall that a theory with jV = k supersymmetries has an action of the super Lie 
algebra 

(0R©S(2(C)©S[2(C)) K T^=\ 

where Qr is the Lie algebra of the appropriate K-symmetry group (which is SL4(C) in 
the case = 4, GL2(C) in the case A: = 2, or in the case k = 1). 

Let {p, Q) be twisting data as above. Let g'^ C Qr be the sub Lie algebra fixed under 
the restriction of the adjoint Gr action under the homomorphism p : — > Gr. 

Recall that the odd part of T-^=^ is 

«S+ (g) © «S_ (8) 

The group acts on this space via the homomorphism p : — Gr C GLk(C). 
(Recall that the copy of C*^ tensored with S- is dual to the copy which is tensored with 
<S+). 

In our examples, the space <S+ (8) C*^ © »S_ (8) C*^ decomposes into weight 1 and weight 
— 1 subspaces under this action. Let us introduce a Z-grading on the space of odd 
elements of T^^^, by saying that elements of weight 1 are in cohomological degree 1, 
and elements of weight —1 are in cohomological degree —1. 

Thus, with this grading, we find a Z-graded Lie algebra 

(gf ©2 (C) © (C)) K T-^=K 

The element Q G j^=^ jg, by assumption, in cohomological degree 1. 

It is clear that every element of this Z-graded Lie algebra which commutes with Q 
acts on the twisted theory. Further, symmetries of the form [Q, X] act homotopically 
trivially. Thus, we see that 
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14.5.1 Lemma. A theory twisted by a supercharge Q acquires an action of the differential 
graded Lie algebra 5I2 © siz © © T-^^^, with differential Q. 

Later we will see that the ^ = 4 theory admits further twists. These twists arise 
from elements of of this differential graded Lie algebra. 

14.6. So far, we have described the anti-self-dual supersymmetric gauge theories via 
the twistor-space formulation, and we have described the twisted theories arising 
from the anti-self-dual theories. We have not, however, described the full supersym- 
metric gauge theory. 

As explained in [BMS07], the full supersymmetric gauge theory also as a twistor 
space description: it is obtained by deforming the action for the anti-self-dual theory 
by adding a certain explicit term to the action. 

Because the full supersymmetric gauge theory is acted on by the same supersym- 
metry group as the anti-self-dual theory, the twisting construction described above 
can be applied to the full theory. 

14.6.1 Proposition. The deformation of the anti-self-dual theory into the full supersymmetric 
gauge theory does not change the minimally-twisted theory. 

The minimally-twisted supersymmetric gauge theory we described above has an 
action of an J?.-symmetry group, and is also invariant under translations and the group 
GL2 (C) acting on C^. The deformation of this theory we are interested in has the same 
symmetry group, inherited from the symmetries of the full supersymmetric gauge 
theory. 

In order to prove the result, we will verify that the minimally twisted theories we 
analyzed earlier admit no deformations with these symmetries. 

14.6.2 Theorem. Let Gbea simple algebraic group, and g its Lie algebra. Let us consider the 
minimally-twisted = 1, 2, 4 supersymmetric gauge theories on C^, perturbing around the 
trivial G-bundle. 

Then, the cohomology of the complex of translation-invariant local functionals for the JV = 
1,2, 4: minimally twisted field theories, also invariant under the action ofC^ by dilation on 
and the appropriate R-symmetry group, is trivial in degrees and < — 1, and isomorphic to 

H^{q) in degree 1. 

For the ^ = 1 theory, the degree — 1 cohomology group is also trivial. For the ^ = 2,4 
theories, the degree —1 cohomology group is C, which corresponds to the Lie algebra of the 
center of the R-symmetry group acting on the twisted theory. 
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The proof is presented in the appendix. 

I should remark that this theorem has an immediate consequence. 

14.6.3 Corollary. The minimally-twisted supersymmetric gauge theories on C} all admit a 
unique quantization, invariant under translation, dilation, and R-symmetry. 

Proof. Indeed, the obstruction to quantizing lies in H^(g). However, the outer auto- 
morphism group of g acts on everything, and the obstruction must be invariant under 
this symmetry. Since, for any semi-simple Lie algebra g, there are no elements of (g) 
invariant under Out(g), we conclude that the obstruction must vanish. □ 

This argument was also used in [Cosllb], Chapter 6 to prove the existence of a 
quantization of ordinary Yang-Mills theory. 

15. Twisted theories on a complex surface 

Next, I will explain how these twisted theories can be put on an arbitrary complex 
surface, and not just on C-^. 

The twisted J/" = \ theory is the cotangent theory to the moduli problem of holo- 
morphic bundles on C^. This theory makes sense on any complex surface. 

15.0. 4 Definition. Let Xbea complex surface. Then ^ = 1 twisted supersymmetric gauge 
theory on X is the cotangent theory to the moduli problem ofholomorphic principal G-bundles 
on X. 

Thus, if P X is a principal G-bundle, the elliptic Lie algebra describing the ^ = 1 
theory is 

itr=i (X) = QO'* (X, gp) e QO'* (X, g)^ ® Xx [- 1] ) . 

15.1. The twisted ^ = 2 and ^ = A theories are defined to be the cotangent theories 
to the moduli of bundles on certain graded complex manifolds extending C^. For the 
jV = 2. theory, the graded complex manifold is C[— 1] — >• C^. For the =yK = 4 theory, 
the graded complex manifold is C^[l] C^. 

Thus, the JV = 2 theory can be defined on any graded complex manifold which 
locally looks like C[— 1] — )■ C^. This leads to the following definition. 

15.1.1 Definition. Let X be a complex surface, and let L ^ X be a line bundle. Then the 
L-twisted ,yV = 2 theory is the cotangent theory to the moduli ofholomorphic principal G- 
bundles on the graded complex manifold L[—l] — )■ X. 
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Let Xbea complex surface, and letV ^ Xbea rank two vector bundle. Then the V -twisted 
^ = 4 theory is the cotangent theory to the moduli of holomorphic principal G-bundles on 
the graded complex manifold V[l] — )• X. 

Remark: In the physics literature, this choice of vector bundle is also (confusingly) 
called a "twist". I prefer to think of this choice of a vector bundle as playing the 
same role as the choice of the complex surface S. 

15.2. The most important examples are when the vector bundle is naturally associated 
to X. For the ^ = 2 theory, the example we will be interested in is when the line 
bundle L is the trivial line bundle consider will be when L is trivial. We will refer to 
this as "the" twisted ^ = 2 gauge theory. 

In aU examples we have considered so far, we have only twisted by one supersym- 
metry operator. We will refer to a theory twisted in this way as a minimally twisted 
theory. In many examples, however, one can perform further twists. 

For the -yV = 2 gauge theory (with trivial line bundle L) the theory can be twisted 
further to give a topological theory. This further twist is the classical field theory 
related to Donaldson theory; in the same was as the fully-twisted A-model is related 
to the theory of Gromov-Witten invariants. 

The elliptic Lie algebra on X describing the minimally twisted =/K = 2 theory is 

QO'*(X,gp[e]eKx0 0)i[e][-2]) 

where £ is a parameter of degree —1. The pairing arises from the natural pairing 
between qp and Qp and the trace map 

Tr :C[e] -> C 
Tr(e) = 1. 

15.3. For the ^ = 4 theory, there are two natural choices of rank 2 vector bundle V. 
One is when V is trivial. This version of the twisted ^ = 4: theory was considered by 
Vafa and Witten in [VW94]; it admits a further twist into a classical topological field 
theory, whose partition function is supposed to be the Euler characteristic of moduli 
spaces of holomorphic bimdles. 

The other natural choice is when V is the tangent bimdle. This version of the twisted 
^ = 4 theory was considered by Kapustin and Witten [KW06]. This is the only 
version of the minimally twisted ^ = 4 theory we will consider from now on, and 
we will refer to it as "the" twisted ^ = 4 theory. This theory has a very familiar 
geometric interpretation: it is the cotangent theory to the derived moduli space of 
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Higgs bundles on X. Recall that a Higgs bundle on X is a holomorphic principal G- 
bundle P with an element (p G H°(X,gp ® r*X) satisfying [(p,(p] = 0. 

Kapustin and Witten consider theories where one twists by several supersymmetry 
operators, and not just by one. The theory described above is the minimally twisted 
^ = 4 theory, where we have twisted only by a single supersymmetry operator. Later 
we will consider further twists of the minimally twisted theory, which lead to the 
of topological theories considered by Kapustin and Witten. 

The elliptic Lie algebra describing this twisted ^ = A theory is 

if^=4(x) = n*'*(x,0pe0)i[i]), 

where the differential is the 9 operator, and of course, 0P'''(X) is situated in degree 

p + q. 

16. The Kapustin-Witten family of twisted N = 4 theories 

So far we have constructed the minimal twists of the ^ = 1, 2, 4 supersymmetric 
gauge theories, on a complex surface. In this section I will show how the twisted 
— A theory we have constructed can be twisted further, to yield a of (classical) 
topological field theories. 

Let G be a simple algebraic group, and let P be a G local system on X. To describe 
the of twisted theories where we perturb around P, I will just write down a P^ of 
elliptic Lie algebras on X. 

Let (s, t) G C^. Let us define an elliptic Lie algebra 

^{s,t) = (n*'*(X,gp0C[£]) 
where e is a parameter of degree —1. The differential is 

9 + s3 + f— . 

The Lie bracket on (s, t) is independent of s and t. 

The elliptic Lie algebra ^{s, i) has an invariant pairing given by the formula 

J A 

Here a,/3 G n*'*(X,gp), and (— , —) ^ is a chosen invariant pairing on the Lie algebrag 
of G (which, since G is simple, is unique up to scale). 

When s — t = 0, this family of elliptic Lie algebras coincides with that describing 
the minimally twisted theory we considered earlier. 
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The elliptic Lie algebra ^{0, 0) has a action, where an element 

has weight p — 4r. This action is easily seen to preserve the pairing. The action 
therefore gives an isomorphism of classical field theories 

Thus, the family of twisted theories is parametrized by a weighted P^. 

16.1. Note that, when f = 0, the theory ^(1,0) is the cotangent theory to elliptic 
moduli problem of G local systems on X. As we will see shortly, this theory becomes, 
on dimensional reduction, the B-model with target the space of G-local systems on a 
curve. We will this value of the parameter the B-model point. 

For s = 1 and f S C, the theory t) is a "twisted" form of the cotangent theory to 
the moduli of G local systems on X. Let Locg(X) denote the derived moduli space of 
G-local systems on X. As always, I will only be precise at the formal level: the elliptic 
Lie algebra describing the formal neighbourhood of a G-local system P is C!*(X,gp), 
with the de Rham differential. 

Note that the Poincare pairing gives this elliptic Lie algebra a pairing of cohomo- 
logical degree —4. It follows that the derived moduli space Locg(X) has a symplectic 
pairing of cohomological degree —2. This symplectic pairing can be interpreted as a 
Poisson bracket of cohomological degree 2. The Poisson bivector P is then a cohomo- 
logical degree function on T*[— 1] Locg(X), which is quadratic along the cotangent 
fibres. The Jacobi identity implies that {P, P} = 0, where {— , — } refers to the Poisson 
bracket on functions on T* [—1] Locg(X). 

Thus, we can deform the 0-symplectic manifold T* [—1] Locg(X) by adding t{P, — } 
to the differential. This one-parameter family of 0-S5anplectic manifolds (for i e A^) 
describes the Kapustin-Witten family of theories at the points (1 : t). 

Note that we can use the symplectic form on Locg(X) to identify T* [—1] Locg(X) 
with r[l]LocG(X). Functions on T[1]Locg(X) are forms on Locg(X). Under this 
identification, the operation {P, — } (on functions on T*[— 1] Locg(X)) becomes the de 
Rham differential. Thus, we can think of the 0-symplectic manifold describing the 
Kapustin-Witten theory at a point (1 : t) with t ^ as being equivalent to the de 
Rham stack of Locg(X). With this identification, the symplectic form depends on t. 
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16.2. Finally, let us discuss the theory when s = 0. The theory ^(0,1) described by 
elliptic Lie algebra 

n*'*(X,0p[e]) 

with differential 9 + This elliptic Lie algebra is contractible; just like the elliptic Loo 
algebra describing the fully-twisted A-model. Thus, perturbation theory does not say 
anything about the theory with this parameter. When we dimensionally reduce, this 
theory becomes the A-model with target the stack of Higgs bundles on a curve. 

17. Dimensional reduction 

In this section I will introduce the general idea of dimensional reduction. Shortly 
we will apply this idea to relate the twisted 4-dimensional gauge theories we have 
been studying to the 2-dimensional field theories we discussed earlier: the various 
twists of the A- and B-models. 

Because of lack of space, I will be a little informal in the general discussion of di- 
mensional reduction. As I mentioned in the introduction, I will not attempt to give 
detailed definitions of global objects of derived algebraic geometry. I will, however, 
try to be more precise at the level of formal derived spaces. 

17.1. The basic idea of dimensional reduction is very simple. We have defined a (per- 
turbative) field theory on a space X to be a sheaf of (formal) derived spaces on X, 
together with a symplectic form. If / : X ^ Y is a fibration, and is a sheaf of 
formal derived spaces on X, then we can define a push forward sheaf . If is a 
classical field theory - that is, equipped with a symplectic form of degree — 1 - then so 
is /*A1. We call /+A^ the dimensional reduction of the field theory }A on X. 

Let us consider a simple example. Let M and N be complex manifolds. Let G be an 
algebraic group, and let BunG(N) denote the (derived) moduli stack of G-bundles on 
AT. 

Then, the derived moduli stack of holomorphic maps M BunG(N) is the same 
as the derived moduli stack of holomorphic G-bundles on M x Af. 

Thus, we see that an elliptic moduli problem on M x N (that describing holomor- 
phic G-bundles) can be turned into an elliptic moduli problem on M (that describing 
maps from M to Bung (IV)). 

17.2. Let us now give a formal definition of dimensional reduction. We will work 
at the perturbative level, where a classical field theory is described by an elliptic Loo 
algebra with an invariant pairing. 
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Let Tc : F ^ Mhe a proper fibration of manifolds (so that n has compact fibres). Let 
^ be an elliptic Loo algebra on F. Let L be the underlying graded vector bundle of . 

We would like to define the elliptic Leo algebra on M to be the sheaf -theoretic push- 
forward Kif^. This, however, does not obey the axioms I gave for an elliptic Leo alge- 
bra, because 7r*=Sf does not arise as the sections of a finite-dimensional graded vector 
bundle on M. 

We can, instead, look for an elliptic Loo algebra on M which is quasi-isomorphic to 
7r*jSf . This gives a precise definition of a dimensional reduction of a formal elliptic 
moduli problem. 

17.2.1 Definition. Let ^ he an elliptic Leo algebra on F. Then an elliptic L^ algebra ^ on M 
is a dimensional reduction of ^ if we are given a quasi-isotnorphism of sheaves of Loo algebras 

^. 

Let us see how this works in case when M and N are Riemann surfaces, and the 
elliptic moduli problem we are considering is that of holomorphic G-bundles on M x 
N. 

Let P — ^ M X N be such a G-bundle. The elliptic Lie algebra controlling deforma- 
tions of P is Q'''* (M X N, 0p), where gp denotes the adjoint bundle of Lie algebras on 
Mx N associated to P. 

Dimensional reduction, in this case, means that we consider P to be a map from M 
to the moduli stack BunG(N) of holomorphic G-bundles on N. Note that because N is 
a Riemann surface, BunG(N) can be treated as an ordinary (non-derived) stack. 

Let (p : M ^ BunG(N). Let rBunG(N) denote the tangent complex of BunG(N). 
There is an Loo structure on Q'^'* (M, (p* T Busxc (N) ) which controls deformations of the 
map (p. 

In this example, the statement that the elliptic moduli problem on M is dimension- 
ally reduced from that on M x N means that there is a canonical equivalence between 
two sheaves of Loo algebras on M. The first sheaf of Loo algebras sends U C Mto 

0i(L7) = Q'''*(U,<^*TBunG(N)). 

The second sheaf of Loo algebras sends Lf C M to 

02{u) = ci°'*iuxN,ep) 

where gp is the principal G-bundle on M x N arising from the map M — > BunG(N). 



NOTES ON SUPERSYMMETRIC AND HOLOMORPHIC FIELD THEORIES IN DIMENSIONS 2 AND 4 67 

The existence of such an equivalence of sheaves of Loo algebras is automatic from 
the universal property of BunG(N). 

In practise, however, in this and in other examples, there is no need to replace the 
sheaf 02 (iJ) of Leo algebras on M by a smaller sheaf. The sheaf 02 (LI) does not strictly 
conform to the definition of an elliptic Loo algebra I gave earlier: it does not arise as the 
sections of a finite rank graded vector bundle on M. However, there are no essential 
difficulties caused by working directly with a sheaf of Loo algebras of the form 02. 

17.3. The factorization algebra point of view [CGll] on perturbative quantum field 
theory gives a clean way to think about dimensional reduction. Let zr : f ^ M be a 
proper fibration of manifolds. Let =^ be a factorization algebra on F, in the sense of 
[CGll]. If we are dealing with a classical field theory on F, then ^ will be a commu- 
tative factorization algebra with a Poisson bracket of degree 1. If we are dealing with 
a quantum field theory, then F will be a factorization algebra over ]R[[?i]]. 

In either case, we can define a factorization algebra n^F on M be setting 

{n,F){U) ^ F{n-\U)) 

for an open subset U C M. This pushforward factorization algebra describes the 
observables of the dimensionally reduced theory. 

17.4. Many of the theories we have considered in this paper are the cotangent theories 
associated to elliptic moduli problems. It is straightforward to verify, from the defini- 
tions given above, that dimensional reduction commutes with the operation of taking 
the cotangent theory associated to an elliptic moduli problem. 

18. From 4-dimensional gauge theories to 2-dimensional ct-models 

In this section we will see how dimensional reduction of the various twisted 4- 
dimensional gauge theories we have considered lead to 2-dimensional tr-models with 
target various versions of the moduli stack of G-bundles on a Riemarm surface. 

18.1. Let us start with the twisted =yK = 1 gauge theory on a product Ei x E2 of two 
Riemann surfaces. The 4-dimensional theory is the cotangent theory to the moduli of 
holomorphic G-bundles on Si x E2. It follows that the 2-dimensional theory (dimen- 
sionally reduced along E2) is the cotangent theory to the moduli of holomorphic maps 
from El to BunG(E2). 

Recall that, given any complex manifold X, the cotangent theory to the moduli of 
holomorphic maps from a Riemarm surface E to X is known in the physics literature 
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as a twisted (0, 2) u-model. It is believed [Wit05, CoslO] that the factorization algebra 
of this theory - or at least, that part of the factorization algebra which only considers 
constant holomorphic maps to X - is the chiral differential operators of X. 

Thus, one expects that factorization algebra constructed from the twisted .JV = 1 
theory (if it could be defined) should be closely related to the chiral differential oper- 
ators of BimG(S2); and that the partition function of this theory contains the Witten 
elliptic genus of the moduli stack BunG(S2)- 

Unfortunately, one can show [Cosl2] that the twisted jY = \ theory can only be 
defined on complex surfaces M with c\ (M) = 0. 

18.2. Next, let us consider the minimally twisted jV = 7. theory. Recall that this is the 
cotangent theory to the derived moduli space of G-bundles on a complex surface M, 
together with a holomorphic section of the adjoint bundle gp. 

Upon dimensional reduction along a curve E2, this becomes the cotangent theory 
to the space of holomorphic maps from Ei to the derived moduli stack of pairs 

{(P,(^>) I P e BunG(E2), e HO(E,flp)}. 

(When I say the derived moduli stack of such pairs, it is implicitly assumed that the 
higher cohomology H^(E,0p) is included as part of the derived structure). 

Note that we can identify the tangent complex Tp BunG(E2) as 

rpBunG(E2) =H*(E,sp)[l]. 

Thus, the twisted ,JV = 2 gauge theory becomes, upon dimensional reduction, the 
cotangent theory to the space of holomorphic maps from Ei to T[— 1] BunG(E2). 

This agrees, as a Z/2 graded theory, with the 5-twisted A-model on Bunc- As I 
discussed earlier, the Z grading we gave to supersymmetric field theories is a little 
arbitrary; thus, we can say that, after changing the grading on our minimally twisted 
^ = 2 theory, it dimensionally reduces to the ^-twisted A-model on BunG- 

It is not difficult to see that the minimally twisted ^ = 2 theory can be further 
twisted into a theory which dimensionally reduces to the fuUy-twisted A-model. This 
further twist of the ^ = 2 theory is the one considered by Witten [Wit88] in his study 
of Donaldson theory. 

19. Dimensional reduction of the ^ = 4 theory 

In this section, we will show the following. 
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19.0.1 Proposition. The dimensional reduction of the minimally-twisted Kapustin-Witten 
theory on a product of two Riemann surfaces Ei x E2 is the ^-twisted B-model with target 
r BunG(E2). 

Since T* BimG(E2) has a (holomorphic) symplectic form, the ^-twisted A- and B- 
models with this target coincide. 

Proof. The minimally-twisted Kapustin-Witten theory is the cotangent theory to the 
derived moduli space of G-bundles on T[l] (Ei x E2). The elliptic Lie algebra on Ei x 
E2 describing this derived moduli space (near a given principal G-bundle) is 

n*'*(Ei xE2,0p) 

with differential d. 

Note that we can write 

T[l](EixE2) = (T[l]Ei)x(T[l]E2). 

Thus, when we dimensionally reduce along E2, we find the cotangent theory to the 
elliptic moduli problem describing holomorphic maps 

T[l]Ei ^ BunG(T[l]E2). 

For a general complex target X, the cotangent theory to the space of holomorphic maps 
T[1]E ^> X is the ^-twisted B-model on X. 

Thus, it remains to verify that, for any Riemann surface E, 

BunG(T[l]E) = rBunG(E). 

Note that BunG(T[l]E) is, by definition, the derived moduli space of pairs {P,(p), 
where P is a principal G-bundle on E and ^ is a section of K-^(S) Qp. In other words, 
Bunc (T[1]E) is the derived moduli space of Higgs bundles on E. It is well known that 
this moduli space describes the cotangent bundle to Bunc (E) . □ 

In a similar way, we see the following. 

19.0.2 Lemma. The dimensional reduction of the fully twisted =yK = 4 theory at the point 
(1,0) in the of twists is the B-fully-twisted model with target Locg(E2). 

The dimensional reduction of the fully-twisted jV = ^ theory at the point (0,1) is the. 
fully-twisted A-model with target T* BunG(E2). 

Proof. Let us first prove the B-model statement. At the point (1,0) the fully-twisted 
^ = 4 theory is the cotangent theory to the moduli space of G-local systems on 
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Zi X ^2. When we dimensionally reduce, we find the cotangent theory to the space of 
locally constant maps Zi — > BunG(S2), which is the B-model with target BunG(I^2)- 

Recall that the minimally-twisted ,JV = 4 theory becomes, upon dimensional re- 
duction, the cotangent theory to the moduli of Higgs bundles on Zi x E2. We can also 
view this as the cotangent theory to the space of maps from r[l]Ei — )■ T* BunG(E2). 
The A-model with target X is a deformation of the cotangent theory of holomorphic 
maps from r[l]Z — >■ X, deformed by introducing the de Rham differential on T[1]E. It 
remains to verify that the deformation of the minimally-twisted jV = ^ theory to the 
twisted theory with parameter (0, 1) amoimts to introducing the de Rham differential 
on r[l]Li; this is straightforward. 

□ 

Appendix 

In this appendix I present a proof of a cohomology vanishing result, which allowed 
us to conclude that the twist of the full supersymmetric gauge theory coincides with 
the twist of the anti-self-dual theory. This result also shows that our minimally twisted 
theories admit a unique quantization on C^, invariant under translation, dilation, and 
R-symmetry. 

19.0.3 Theorem. Let gbea simple Lie algebra. The cohomology of the complex of translation- 
invariant local functionals for the ^ = 1,2,4: minimally twisted field theories, with gauge Lie 
algebra g, which are also invariant under the action ofC ^ by dilation on and the appropriate 
R-symmetry group, is trivial in degrees and < —2. In degree 1 it coincides with H^(g). 

For the ^ = 1 theory, the degree —1 cohomology group is also trivial. For the jY = 2,4 
theories, the degree —1 cohomology group is C, which corresponds to the Lie algebra of the 
center of the R-symmetry group acting on the twisted theory. 

Proof. General results from [Cosllb], Chapter 5, allow one to identify the groups of 
translation-invariant local functionals with certain Lie algebra cohomology groups, as 
follows. For each k>Q, consider the Lie algebra 

= g[[zi,Z2,zi,Z2,dzi,dz2,ei,...,efc]] 

© g[[zi,Z2Zi,Z2,dzi,dz2,ei,. . .,efc]]dzidz2(dei)"^ . . . (defc)""[-l]. 

Here g is a fixed semi-simple Lie algebra; the parameters e, and dz, has cohomological 
degree 1. The differential on ^' is induced by the usual Dolbeaut operator, I^dz,^. 
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The factor of dzidz2 n(de,)^^ is indicated to show how symmetries of C^, and the 
R-symmetry group, act on everything. 

Note that is acted on by the Abelian Lie algebra C^, with basis 3j, 3y, where 3i 
acts by ^ and 9y acts by ^. 

General results from [Cosllb] imply that the complex of translation-invariant de- 
formations of our minimally twisted ,JV = 1, jV = 2 or jV = 4 theory is given by a 
Lie algebra cohomology group of the form 

C*(C^ C;d(^/)dzidz2dzidz2). 

for different values of A:: A: = corresponds to .yT = 1, = 1 to ^ = 2 and = 2 to 
^ = 4. 

This expression indicates the Lie algebra chains of the Abelian Lie algebra with 
coefficients in the reduced Lie algebra cochains of '^l- 

Our aim is to show that there is nothing in H° of this complex which is invariant 
imder the group x GLfc(C), which acts as follows. The factor of is the dilation 
symmetry of C^, and so acts on Z/,Z;, dz,, dz, in the evident way. The factor GL)t(C) is 
the R-symmetry group, which acts on the exterior algebra C [ei, . . . , e^] in the evident 
way. 

The action on the e, is taken to be trivial. This is just a convention: if £, had 
weight A G Z under the action of C^, then by conjugating by an isomorphism of 
the group x GL2(C) we could return to a situation where was preserved by the 
group C ^ . 

Now, let C ^^j,' be the sub Lie algebra which has no z's and no dz's. Note that 
the inclusion c 'S^. is a quasi-isomorphism. It follows that we can compute the 
cohomology groups of interest using in place of ^l.. 

Note that the elements 8/ in the Abelian Lie algebra C* act trivially on ^)^. We can 
rewrite our complex as 

C.(c2,G;d(^fc)dzidz2) ® (C[9i,a2]dzidz2) 

where in the algebra €[81,82] the generators 81,82 are given degree —1. 

We are only interested in quantities which are invariant under the action of x 
GL2(C). The only invariant quantities contain the same number of 8i's and dzy's, 
so we see that our complex reduces to 

G. (c2,G;,(^,)dzidz2)^^''^'^^'^^ [2]. 
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Let 

be the subcomplex consisting of elements of weight —i under the action (with 
respect to which z; has weight 1 and has weight 0). This complex has a natural 
GLfc(C)-action; the invariants under GLfc(C) will be denoted by C;^^(^fc)''<^^*(c) 

We will compute the C ^ x GLfc(C)-invariant cohomology group we want by a spec- 
tral sequence. The first term of our spectral sequence computes the cohomology with 
respect to the internal differential on C*^^{^^); the next term uses the action of the 
Abelian Lie algebra C^. 

The C ^ -invariant part of the first term of our spectral sequence is the the direct sum 
of the following complexes: 

Crf(^^fc)°9i32dzidz2[4] 
C;rf(^fc)-i8idzidz2[3] © C;rf(^fc)-i82dzidz2[3] 

Now, recall that 

^fc = Q[[zi,Z2,ei, . ..,ek]] © g[[zi,Z2,ei, . . . ,efc]]dzidz2(dei)"^ . . . (defc)"^[-l]. 
Let us denote by the Lie algebra 

Qk = s[£i/- • - /e/c]- 

Thus, the complex C;^d(^fc)° is just C^dCsfc)- The GLfc(C) -invariants of q^^iQk) is 
C*^^{q). So, we find H*g^(g)[4] as one summand of the x GLfc(C) -invariant part of 
the first page of our spectral sequence. 

Next, note that C*^,^{'^k)~^ consists of C*{q](, (z,gjt)^), for /' = 1,2. If we further re- 
strict to the GLjt(C) invariants, we find C*{q, (z/g)"^). Since g is semi-simple, H*(g,g'^) = 
0, so that GLjt(C)-invariant part of the cohomology of C*g^(^jt)^ vanishes. 

Finally, let us consider C*^^{Wk)^'^. One possible source of weight —2 cochains is 
C*(g)c/ i^iQky ^ (z/gic)^- If we restrict again to GLjt(C) invariants, we find C*(gj;, (z,g)c)^ <^ 
{zjQky. Since H*(g, A^gV) = 0, the only non-zero possibility is when / = 1 and / = 2, 
giving us 

H*(g,Sym2gV(zrz2^)) 

as a second direct summand of the GLj:(C) x invariant part of our spectral se- 
quence. 
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A second possibility for weight —2 cochains is 

C*(flfc,(dzidz2der^..de^i0fc)V)[2]. 

Here, we take de^^ . . . de^^ to have cohomological degree —k if the £/ have degree 
1, and +k if the have degree —1. Let C^et refer to C viewed as the determinant 
representation of GLfc(C); then this term in the spectral sequence can be written as 

C*{Qk,Q]^^Cd,,[2±k]). 

Note that the invariant pairing on the Lie algebra g, as well as the natural Frobenius 
algebra structure on C [ei, . . . , e^:], gives an isomorphism 

flfc^(8)Cdet[±fc] =0fc- 

Thus, this term in the spectral sequence is simply C* {qj^, q^) [2] ■ 

To summarize: we have shown that the GLjt(C) x C^-invariant part of the Ei page 
of our spectral sequence consists of 

H;,(0) [4] e H* (g, Sym^ g^) e H* (g,, g,)^^*^^) [2]. 

Note that H*^^{g) [4] consists of H'^(g) in degree —1 and H^(g) in degree +1; these are 
the only degrees of interest to us. Also, H* (g, Sym^ g^) consists of the g-invariants in 
Sym^ g^ in degree 0, and is zero in all other degrees which are < 1. 

It is not completely obvious what H* (g/;, Qk) is, but we will compute it shortly. 

To complete the proof, we need to prove two lemmas. 

19.0.4 Lemma. On the next page of the spectral sequence, the differential gives an isomor- 
phism between H^(g) (situated in degree —1) and H^^QSyrc? q^) (situated in degree 0). 

Proof. If we reintroduce the symbols z, dz, we see that our possible differential maps 

H\Q)did2 ^ H0(g,Sym2flVzV2V^. 

A straightforward computation (carried out in a very similar context in [Cosllb], 
Chapter 5) shows that this map is an isomorphism. □ 

19.0.5 Lemma. The cohomology H*{QkiQk)^^^^^^\A is the following: 

(1) ifk = 0. 

(2) C in degree —1 ifk = lork = 2. 

Proof. Ifk = 0, then g^ = g, and H* (g, g) = 0. 

If A; = 1, then gic = g [e] . This corresponds to the theory with ^ = 2 supersymmetry; 
in which case we put e in degree —1. 
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The only C ^ -invariant part of H* (g [e] , g [e] ) [2] comes from 
H*(g, (eg)^ ® eg)[2] = H*(g,Sym2g)[l]. 

Thus, we find W(g, Sym^ g) in degree —1, and in degrees 0, 1. 

Next, let us consider the case k = 2, which corresponds to the theory with ^ = 4 
supersymmetry. In this case, we take the e; to have cohomological degree 1. (GL2(C)- 
invariance implies that the cohomology groups we end up with are independent of 
the degree we choose to assign to the e,, as long as that degree is odd. As, GLziC)- 
invariance implies that the number of e/s and eV's is the same). 

Let us give g[ei,e2] a grading by giving g has weight 0, and the subspace (ei ® 

£2)g[£i/£2] weight —1. This induces a grading on C*(g2,g2)/ not compatible with the 
differential. Define f'^C*(g2/02) to be the subcomplex of elements of weight > k in 
this grading. The differential on C* (g2, g2) preserves these subspaces, so that we have 
defined a filtration on the complex C* (g2, g2) • 

This filtration induces a spectral sequence, whose first term is the cohomology of 
the associated graded. We will compute the GL2(C) invariants of this cohomology. 

Let us denote by V the 2-dimensional vector space spanned by ei,£2, situated in 
degree 1. Thus, our Lie algebra is g Sym* V. 

The GL (y)-invariants of Gr C*(g2,g2)[2] breaks up as a direct sum of the following 
four subspaces: 

(1) C* (g, g) . The cohomology of this summand is of course zero. 

(2) C*(g, {V ^ g)V (y ^ g)) [1]. The GL(y )-invariants of (g) V are one dimen- 
sional. The g-invariants of g^ (8) g coincide with the g-invariants of Sym'^ g. 
Thus, this summand contributes H* (g, Sym^ g) [1] . The only part that can con- 
tribute to the cohomology groups of interest is H°(g, Sym^ g) in degree —1. 

(3) C* (g, ( A^y (8> g)^ (g) ( A^y (g) g)) [1] . Again, the GL(y)-invariants gives us H° (g, Sym^ g) 
in degree —1. 

(4) C* (g, Sym^(y ® g)^ (A^y (g) g)). The GL (y)-invariants of this is one dimen- 
sional. Thus, we find H°(g, A^g^ (g g) in degree 0. Since g is semi-simple, this 
coincides with H^{q, A^g) in degree 0. 

The differential on the next page of the spectral sequence maps the third summand 
listed above to the fourth. Thus, we find that the cohomology reduces to H°(g, Sym'^ g) 
in degree —1. □ 



This completes the proof of the theorem. 



□ 
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